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Abstract

Two players first bid for offshore tracts—below which oil and gas may be present—and
next time their drilling decisions. High types bid more aggressively if the auctioneer discloses
bids as this gives them useful information about the profitability of drilling. Low types may
also prefer the auctioneer to disclose bids as it sometimes facilitates coordination: If Player
two finds out that Player one bid “low”, she might conclude that Player one will not drill.
This induces Player two to drill first. Low types, however, may also fear that the disclosure
of their “low” bids reduces the other player’s incentives to drill. In that case they bid more
aggressively if the auctioneer does not disclose bids. If players are sufficiently patient and
if the ex ante profitability of drilling is “high”, it is optimal to disclose bids. Otherwise, it
may be optimal not to disclose them.
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1 Introduction

In recent years, some countries decided to put part of their offshore oil and gas reserves under
the hammer. Brazil, Cuba, Libya, Nigeria, Russia, and the U.S., for example, organized offshore
oil and gas auctions in the past decade. Those auctions often generate huge revenues and secure
the supply of crucial energy resources. In a seminal paper, Hendricks and Porter (1996) argued
that offshore drilling suffers from a public good problem: If a firm drills and finds oil (and gas),
this is costlessly observed by other firms. They also argued that firms do not coordinate their
drilling decisions, i.e. firms typically play a war of attrition to determine who will drill first.
Comparing auctions in this context is thus a delicate matter as the post-auction war of attrition
should influence bidding behavior (and vice versa).

In this paper I develop a two-unit, two-player bidding-waiting model to compare the per-
formance of two different oil and gas auctions. In particular, my model tackles the following
questions: Should oil and gas auctions be designed such that players learn each others’ private
information through their bids? Or should one use an auction in which a player’s private in-
formation is only partially revealed after the auction? I consider a set-up in which two players
possess private information (i.e. the result of a seismic test) about the value of a tract they are
interested in acquiring. Player two possesses a weakly more informative signal than Player one.
In the first stage, both players participate in a first-price auction. After this first stage, both
players might end up owning tracts that are relatively close to each other. In that case they
play a waiting game to determine who will drill first. To be more specific, players can drill in
two periods. If Player ¢ drills in the first investment period, both players observe the value of
Tract i. Tract values are assumed to be “very” (though not perfectly) correlated: If Player —i
learns that Player ¢ drilled a dry hole, his payoff from drilling becomes negative—even if he re-
ceived a favorable signal. Similarly, if Player i found oil, Player —i’s payoff from drilling becomes
positive—even if he received an unfavorable signal. Waiting thus yields an informational benefit
but comes at the cost of discounting. I consider two different auction designs. In the first one
(which closely matches the one used by the U.S. government), the auctioneer uses a first-price
sealed bid auction and, prior to the waiting game, discloses both players’ bids. In the second
one, the auctioneer also uses a first-price sealed bid auction but does not disclose each player’s
bid. Instead, the auctioneer merely announces which tracts were won by which players.

I assume that players focus on the class of the non-coordinating strategies if the auctioneer
discloses bids. A strategy is said to be non-coordinating if both players—whenever possible—play
a war of attrition to determine who will drill first. The qualification “whenever possible” must

be added as a particular posterior profile may arise in which one player faces a positive payoff



from drilling while the other one doesn’t. Recall that tract values are imperfectly correlated
and that Player two may possess a more informative signal than Player one. Hence, at the
start of the waiting game both players may compute different posterior probabilities that their
tracts contain oil. Suppose that Player one faces a negative payoff from drilling while Player
two’s payoff is positive. Player two then knows that Player one will not drill. Hence, it is a
best response for her to drill at the start of the waiting game. In this case both players thus
succeed to coordinate their drilling activities,! and Player one prefers the auctioneer to disclose
bids. Had bids not been disclosed, Player two would not know that Player one faces a negative
payoff from drilling. Instead, she would believe that perhaps Player one is a type-one player
who might drill in the first period. This, in turn, reduces her incentives to drill (and hampers
Player one’s possibilities to free-ride). In this case, Player one thus bids more aggressively in the
auction with bid disclosure. Another advantage of disclosing bids is related to Blackwell’s (1951)
value of information theorem. Player two’s observation that Player one bid “low”, for example,
may convince her not to drill her tract: Had bids not been disclosed, she might have drilled
and would have incurred an expected loss. Hence, Player two, anticipating that she will receive
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useful information prior to drilling, values “winning” more and, thus, bids more aggressively in
the auction with bid disclosure. Disclosing bids, however, also suffers from one drawback. To see
this, consider Player one’s incentives to bid in my previous example. Anticipating that her low
bid will destroy the other player’s incentives to drill, Player one is then not interested in acquiring
a tract (i.e. she bids zero in the auction with bid disclosure). Had bids not been disclosed, her
“low” bid would not have adversely affected the other player’s incentives to drill. Anticipating
this, she would have valued “winning” more and, thus, would have bid more aggressively. If
the discount factor is “sufficiently high” and if the profitability of drilling is “not low”, it is
optimal to disclose bids. Otherwise it may be optimal not to disclose them. I explain that this
insight implies that an open ascending auction possesses a previously unnoticed disadvantage in
this context. Finally, I argue that disclosing bids may either promote or hamper total drilling
activity.

This is not the first paper to address issues of auction design when pre- or post-auction
considerations are important. Haile (2000) considers a game in which players can resell after

the auction took place.? He shows that the possibility of reselling affects bids in two opposing

11 assume, however, that this successful coordination only occurs for this specific posterior profile. In particular,
if both players possess a positive payoff from drilling at the start of the waiting game, it is assumed that Player ¢

chooses her drilling probability to make Player —i indifferent between drilling and waiting.

?Bikhchandani and Huang (1989) also compare the revenue properties of different auction designs in the

presence of a resale market.



ways. On the one hand, some types have an incentive to bid more aggressively in order to extract
seller’s surplus at the reselling stage. On the other hand, some types have an incentive to bid less
aggressively to extract buyer’s surplus at the reselling stage. In general, either effect can dominate
and an English auction (followed by resale) does not necessarily yield higher expected revenues
than a second-, or a first-price one (followed by resale). Goeree (2003) analyzes an auction
followed by some downstream interaction. In contrast to this paper, downstream interaction is
not modelled explicitly.> Instead he takes a reduced-form approach in which a player’s payoff
depends (i) on whether she won the object or not, (ii) on her true type and (iii) on her perceived
type. He characterizes bidding strategies in first-price, second-price and English auctions and
shows that an English auction may yield higher expected revenues than a sealed-bid auction when
bidders have an incentive to understate their private information. If bidders have an incentive
to overstate their private information, the three auctions yield the same expected revenues.* In
Haile and Goeree signaling motives are important at the auction stage. As incentives to signal
are affected by the auction design, the revenue equivalence theorem fails to go through. In
section 4, I show that if signals (instead of bids) were disclosed after the auction, both types
would still bid the same amount as in the auction with bid disclosure. Furthermore, in the
auction without bid disclosure, players trivially have no signaling motive. Signaling is thus not
the driving force behind my results. Arozamena and Cantillon (2004) analyze incentives to invest
in a cost reducing technology prior to a procurement auction. They argue that a firm has more
incentives to lower her costs if the procurement contract is offered via a second-price auction (as
opposed to a first-price auction). Their results are driven by their finding that if a firm reduces
her costs, this induces the other firms to bid more aggressively (in the subsequent first-price

auction).

2 Some institutional features

In this section I explain some important institutional features of the U.S. offshore leasing program.
This will help the reader to understand better the game I will study. It also provides a justification
for some of my simplifying assumptions.

I focus on wildcat tracts. Such a tract is situated in an offshore geographical area where no

3Das varma (2003) models post-auction (Betrand and Cournot) competition explicitly and obtains essentially

the same results as Goeree (2003).

4Molnir and Virdg (2008) consider a set-up very similar to Goeree’s. They show that the sign of the second
derivative of the profit function (with respect to the firm’s perceived type) crucially determines the optimal auction
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exploratory drilling has occurred in the past. Hence, in those auctions no firm should possess
superior information about the value of a tract.” A tract covers an area not exceeding 5,760
acres (= 23.3km? or 9 square miles). Prior to bidding, firms perform seismic tests to assess the
likelihood of finding oil (and gas). The seismic tests which prevailed 25 years ago only provided
a noisy statistic about the value of the oil (and gas) underneath a tract. Fortunately, at the end
of the 80’ new technologies (such as 3D seismic mapping) were invented which permitted firms
to drastically reduce the risk associated with offshore drilling. General Electric, for example,
nowadays offers “intelligent drilling” technology which helps firms to locate oil and gas deposits
and to extract them in the most economical way. Forbes and Zampelli (2000) estimated that the
introduction of those new technologies explains why the success rate (measured as %, where
P = Pr(Firm ¢ finds oil (and gas) | Firm ¢ drills)) more than doubled between 1986 and 1995.

A bid is a dollar figure that the firm must pay if it wins the tract. Apart from the bid, firms
must also pay a royalty fee which—depending on water depth—typically lies between one sixth
and one eighth of the value of the extracted oil. Firms submit their bids simultaneously.

Firms bid on a small subset of the tracts offered for sale. For example, between 1998 and
2005 (inclusive) the U.S. government organized 22 auctions. On average 3,145 tracts were offered
in each one of them. On average only 305 of them received at least one bid.® Hence, in those
auctions the number of tracts offered for sale by far exceeds total demand. As a result of this,
few of the tracts offered for sale receive more than one bid. Summed over all those 22 auctions,
for example, 6,705 tracts received at least one bid and 5,255 received exactly one bid. Stated
differently, conditional on the event that a tract received at least one bid, there is a 78.4%
probability that that tract received only one bid.”

If a tract happens to possess only one bid, the U.S. government decides whether or not to
reject the bid. To do so, it estimates the “fair market value” of the tract. Henceforth, this
fair-market-value estimate will be called the (government’s) reservation price. A tract which
received only one bid is sold if the bid exceeds the reservation price. The reservation price is
computed after all bids were submitted. Hence, ex-ante bidders don’t know what the realization

of the reservation price will be. This insight, combined with my earlier finding that few tracts

5The U.S. government sometimes auctions tracts that are situated next to already developed ones (those
ones are called drainage tracts). Hendricks and Porter (1988) showed that the neighbor firm then possess an

informational advantage over the value of those tracts.
6Source: own computations based on data taken from http://www.boemre.gov/econ/econHIST.htm.

7Solo bidding, however, has not always been the norm in OCS auctions. In particular, Hendricks, Porter
and Boudreau (1987) documented that Pr(tract ¢ receives only one bid|tract ¢ receives at least one bid) was

approximately 32% for wildcat auctions held during the period 1954-1969.



receive more than one bid, indicate that a player’s bidding strategy is primarily determined by
her desire to “beat” the reservation price rather than to “beat” a hypothetical competing bid. So
far, only Hendricks, Porter and Spady (HPS, 1989) analyzed the government’s rejection decision
on offshore tracts. They focussed on drainage and development tracts that were sold during the
period 1959 - 1979.8 Wildcat tracts were unfortunately not included in their sample. They found
that the rejection decision on drainage tracts was positively correlated with a tract’s size, with
the price of oil and with the identity of the highest bidder (i.e. the government was more likely to
reject a given high bid submitted by a neighbor firm than by a non-neighbor one). The rejection
decision was also negatively correlated with the value of the highest bid. The decision, however,
was not significantly correlated with the amount of oil extracted nor with the bidding history of
the neighboring tract. As the reservation price on drainage tracts did not depend on the expected
quantity of oil (of the neighboring tract) nor on the neighbors’ bids, there is no reason to assume
that the contrary situation would prevail on wildcat tracts. After firms submitted their bids, but
before the first drilling date, the government releases the identity of all bidders along with their
bids. The government also releases—after a few years—the reservation price for tracts with a
rejected high bid.? The reservation price for tracts with an accepted high bid, however, is not
made public.

After winning her tract, a firm is given five years to initiate an exploratory drilling program.
If after five years it has not initiated such a program, its lease expires and the tract is returned
to the government which may decide to resell it in some future auction. The tracts are usually
smaller than the sizes of the deposits. Lin (2009), for instance, documents that the largest
petroleum field in the Gulf of Mexico spans 23 tracts. Depending on water depth, 57% to 67%
of all deposits spanned more than one tract. Furthermore, even if two adjacent tracts do not
share the same deposit, this does not mean that their tract values are uncorrelated. As adjacent
tracts possess almost the same geological characteristics, their values should still be significantly
correlated. More generally, one would expect the correlation of tract values gradually to decrease
with distance.

Drilling an exploratory well can be very costly. According to Forbes and Zampelli (2000) in
1996 the average exploratory well had a depth of 11,203 feet (3,414 meters) and cost 3.3 million
USD. This cost, however, dramatically increases with well depth: A 15,000 feet (4,572 meters)

exploratory well cost 10 million USD. As tract values are correlated and as drilling is costly, a

8The definition of a drainage tract is provided in footnote 5. A development tract is a tract re-offered for sale

as its past owner let her lease expire without drilling any well. See below for more details.

9Those reservation prices can be downloaded from http://www.boemre.gov/econ/econHIST .htm.



firm has an incentive to postpone its exploratory drilling in the hope that a (not-too-distant)
neighbor drills first.!® This plausible strategic behavior is not inconsistent with the available
empirical evidence. Hendricks and Porter (1996) documented that the hazard rate of drilling
(i.e. the probability to drill at time ¢ given that the tract has not been drilled before) features a
U-shaped pattern. A tract is most likely to be drilled at the start or at the end of her lease term.
In years 2, 3 and 4, however, the hazard rate is significantly lower. If a firm drills its tract during
the final year of her lease, this indicates that it must hold sufficiently optimistic beliefs about her
prospects of finding oil. The fact that it postponed its drilling decision indicates that there was
a positive option value of waiting. A plausible explanation behind this option value of waiting is
that the firm hoped to learn from its (not-too-distant) neighbor’s drilling outcomes. Furthermore,
Hendricks and Porter (1996) also found that the probability to drill during the second and the
third year of the lease term is positively influenced by the number of past successful drilling

outcomes on other tracts in the same area-cohort.

3 The Model

Two risk-neutral players are interested in acquiring one of two offshore tracts. The seller offers
them in two simultaneously-held sealed-bid first-price auctions. Each of the players bid in one of
the two auctions.!?

V; € {0, 1} denotes the value of tract i (i = 1, 2). If V; = 1, tract i is said to posses oil (and gas).
If V; =0, tract ¢ does not possess any oil nor gas. It is assumed that Pr(V; =1) = v € (0,1) Vi.
Tract values are correlated. In particular, it is assumed that Pr(V; = 0|V_; = 0) = p’ € (1 -1, 1]

and that Pr(V; = 1|V_; = 1) = p* € (v,1]. If p¥ is close to 1 — v and if p* is close to v, tract

10Hendricks and Kovenock (1989) were the first to analyze incentives to wait in the oil exploration industry. In
particular, they showed that if Player i’s neighbor does not drill, this signals that he is not very optimistic about
his prospects of finding oil. In its turn, this induces Player i to not drill her lease either. They do not, however,

analyze how the interaction between the bidding and the waiting game affects issues of auction design.

HImplicitly, I am making two assumptions here. First, I assume that bidders have unit demand. Second,
I assume that there is only one bidder per tract. The first assumption can be defended on the grounds that
firms may not want to bid on all the tracts offered for sale (recall that in the period 1998-2005 on average 3,145
tracts were simultaneously offered for sale!) either because of bidding constraints, or limited refining capacity, or
because of a bottleneck in the supply of drilling rigs or because of risk-aversion. None of those reasons, however,
are explicitly modeled here. Next, because of the information externality, a firm’s valuation of a particular tract
is nondecreasing in the number of neighboring tracts it wins in the auction. Recall, however, that I study how the
information externality at the drilling stage affects some issues of auction design. Introducing supermodular utility
functions in the analysis would therefore unnecessarily complicate matters. The second assumption considerably

simplifies computations and is consistent with the recent U.S. experience as explained in Section 2.



values are almost uncorrelated. This is most realistic when the distance between both tracts is
very large. If p° = p! = 1, my model boils down to a common value problem. This corresponds
to the case where both tracts are neighbors who share a common pool. For intermediate values
of p® and p', tract values are imperfectly correlated. In general, one would expect p° and p! to
decrease with the distance between both tracts.!?

Player i receives an informative but imperfect signal s; € {0,1} concerning the value of her
tract. Player two possesses a weakly more informative signal than Player one. Formally, Player
one receives the correct signal with probability p;, while Player two receives the correct signal

with probability ps > pi, i.e.

Pr(s; =1V1 =1)

1
Pr(sy=0|V1 =0)=p; € (2, 1) , and
Pr(s; =1[Va=1) = Pr(s2=0[V2=0)=p2 € [p1,1).

Signals are (conditionally) independent. I denote the common drilling cost by ¢. &;(s;) denotes
Player i’s posterior probability that V; = 1 conditional on her signal s;. i.e. & (s;) = Pr(V; = 1|s;).
Henceforth, a player who received signal zero (one) is called a type-zero (type-one) player. I

assume that
AsSUMPTION 1 Pr(Vy =1|s; = s2 =0) < ¢ < &(1).

The first inequality states that if Player one finds out that Player two also possesses signal zero,
she faces a non-positive payoff from drilling. Observe that Pr(V; = 1]s; = so = 0) < &(0): If
Player one finds out that Player two also possesses signal zero, she becomes less confident in
her prospects of finding oil. Hence, I allow the drilling cost ¢ to be sufficiently low (i.e. lower
than &;(0)) such that even type-zero players may face a positive payoff from drilling after the
auction. As Player two possesses a weakly more informative signal, she infers more bad news
out of “sy = 0” than Player one does out of “s; = 0”. Therefore, Pr(V, = 1|s; = 53 = 0) <
Pr(V; = 1]s; = s2 = 0) < ¢ and Player two also faces a non-positive payoff from drilling if both
players possess signal zero. The second inequality states that if Player one possesses signal one,
drilling yields a non-negative expected payoff. As Player two possesses a weakly more informative
signal, she also faces a non-negative payoff from drilling, i.e. ¢ <& (1) < &(1). Tract values are

assumed to be “very” correlated such that

ASSUMPTION 2 Pr(V; =1]s; =1,V_; =0) < e < Pr(V; =1|s;, =0,V_; = 1) Vi.

I2Note that my assumptions imply that (1—v)(1—p%) = v(1—p'). (The latter equality actually directly follows
from my assumption that Pr(V; = 1) = v Vi.) In words, the latter equality implies that the probability that both
tracts possess different values is independent of their identities, i.e. Pr(V3 =0,Va =1) = Pr(V; =1,V2 =0).



In words, Assumption 2 ensures that my model possess a meaningful information externality: A
negative drilling outcome on Tract —i completely removes Player i’s incentives to explore her
tract, even if she is a type-one player. Conversely, a positive drilling outcome on Tract —i induces
Player i to explore her tract, even if she is a type-zero player.

The government’s reservation price on Tract 4 is denoted by 7;. Recall from section 2 that the
government’s rejection decision was only correlated with (i) the tract size, (ii) the winning bid,
(iii) the identity of the winning bidder and (iv) the price of oil. The quantity of oil (extracted
in the past underneath the neighboring tract) and a neighbor’s bid were not significant in HPS’s
regression equation. Hence, there is no reason to assume that r; is contingent on the bid on Tract
—i, on V; or on V_;. Nor is there any reason to assume that r; is correlated with r_;. Furthermore,
in my model both tracts have the same size and both bidders do not own a neighboring tract.
Hence, there is no reason to assume that rq is drawn from a different distribution than rs. On
the basis of these findings, I assume that r; and ro are independently drawn from an identical
distribution with support [0,1]. To simplify computations, I assume that r; is drawn from a
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uniform distribution. Observe that the upper bound of the distribution of r; is “very high”. If
signals are almost uninformative, for example, £;(1) and Pr(V; = 1|s; = s = 0) are both close
to the prior v. It then follows from Assumption 1 that the cost of drilling ¢ is also close to v.
In that case Player one’s valuation of her tract is close to zero! More generally if signals are
“sufficiently noisy”, one would expect a Player’s valuation to lie “well below” one. If signals
are almost perfect, however, & (1) is close to one while Pr(V; = 1|s; = s3 = 0) is close to zero.
It then follows from Assumption 1 that the drilling cost ¢ can also be close to zero. In that
case Player i’s valuation of her tract is close to one. Setting the maximal value of r; equal to
one therefore ensures that—for all values of my exogenous parameters—Player i knows that by
shading her bid she strictly reduces her chances of winning her tract. Furthermore, the high upper
bound of r; also ensures that, in any undominated strategy, Player ¢’s bid will be rejected with
positive probability. As explained in section 5, this implies that there are no off-the-equilibrium

information sets when the auctioneer does not disclose bids. Finally, players discount the future

at a rate 0 € (0,1).

4 The auction with bid disclosure

In this section, I consider the following sequencing of events:
-1 Nature draws the state of the world, the reservation prices and players receive their signals.

0 Player one bids on tract one, Player two bids on tract two.



The auctioneer publicly announces all bids and whether they were higher or lower than the

N[

reservation price.'3

1 If Player i wins her tract, she!? decides whether to drill or wait.

2 In case Player —i drilled, Player ¢ observes the value of Tract —i. If Player ¢ waited, she

decides whether to drill or not.
3 Players receive their payoffs and the game ends.

When solving my game, I rely on two equilibrium selection criteria. First, I require a candidate
equilibrium to belong to the class of the perfect Bayesian equilibria. Second, I restrict attention to
the class of the non-coordinating strategies. To understand this restriction suppose both players
win their tracts. Suppose also that the following three conditions are satisfied: (i) at the start
of the waiting game both players hold degenerate beliefs about the other player’s type, (ii) both
players face a positive payoff from drilling at time one, and (iii) both players face a positive option
value of waiting. Condition (i) is satisfied when both players use invertible bidding strategies.
In that case, Player i perfectly infers his type out of his bid. Condition (iii) means that if Player
1 expects Player —i to drill (at time one), she prefers to wait. The continuation game then
possesses three equilibria. In the first one, Player one drills (at time one) while Player two waits.
In the second one, Player two drills while Player one waits. In the third one, Player ¢ drills with
probability A; to make Player —i indifferent between drilling and waiting. A strategy is said to
be non-coordinating if players focus on the mixed-strategy Nash equilibrium when both players
win their tracts and when conditions (i), (ii), and (iii) are satisfied.

The reader might wonder why both players cannot reach an efficient post-auction drilling
agreement. Both players could, for instance, exchange their seismic information after the auction
and then bargain over a course of action. This “solution”, however, still leaves scope for disagree-
ment. First, it is not clear whether players have the correct incentives to truthfully reveal how
they interpret the seismic data. Player ¢, for example, may be worried that if she were to reveal
her interpretation to Player —¢, this will increase Player —i’s expertise knowledge in interpreting
seismic data and induce him to bid more aggressively in future auctions. Second, players need

to decide on when to drill. (Firms may possess different private information about future oil

13 As mentioned in section 2, the reservation price for tracts with a rejected high bid can be downloaded (after
some time) from the Bureau of Ocean Energy Management, Regulation and Enforcement website (which is the
division in the Department of the Interior responsible for organizing those auctions). The reservation price for

tracts with an accepted high bid, however, is not made public.

Henceforth, I assume Player i to be female, and Player —i to be male.
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and gas prices.) Third, firms need to agree on where to drill. (The value of the informational
externality obviously depends on where players drill and, if players do not truthfully reveal how
they interpret seismic data, disagreement about this value should still persist.) Fourth, firms
need to agree on how to share costs and benefits (if any). Finally, Firm A may be reluctant to
come to a drilling agreement with Firm B unless other firms also pay part of the drilling cost.
Hence, even if firms were to disclose their seismic data, post-auction bargaining is unlikely to
yield eflicient drilling outcomes. While in theory one could come up with clever mechanisms to
reduce inefficiencies in the post-auction game, the drilling data (see Hendricks and Porter (1996)
and section 2) is more consistent with the view that players are not able to avoid playing a war
of attrition in the continuation game.!®

To understand equilibrium strategies in this game it is illuminating to analyze first the hypo-
thetical case in which signals instead of bids are disclosed at time % In this hypothetical case,
I first analyze the continuation game in which both players win their tracts. Let W;(s;, s_;)
denote Player i’s undiscounted payoff from waiting given both players’ signals and given that
both players win their tracts. Let )\; denote the probability with which Player ¢ drills at time
one. To understand how W;(s;,s_;) is computed, observe that three time-one outcomes may
occur. Either Player —i drills at time one but does not find oil (i.e. V_; = 0), or Player —i finds
oil (i.e. V_; = 1) or Player —i does not drill. Recall from Assumption 2 that Player ¢ does not
drill if Player —i’s drilling effort is unsuccessful. If Player —i finds oil, however, Player 4 drills at

time two. Player i’s payoff from waiting can therefore be written as:
Wi(si,s_:) = Pr(Vo;=1|s;,s i)\ s {Pr(m- =1si, Vi =1) - c} (1)
+ (1—=X_;)max {O, Pr(V; = 1]si,8-;) — c} .

Observe that the terms between curly brackets of 1 are independent of Player —i’s drilling
probability. Hence, W;(s;, s—;) is increasing in A_; whenever Pr(V; = 1|s;,s_;) < ¢. Suppose

now that Pr(V; = 1|s;, s_;) > c. Player i’s payoff from waiting can then be rewritten as

Wi(si,5_:) = Pr(V; = 1]s;,5_:) — ¢+ Pr(V_; = 0]sy, s_i)A_s (c —Pr(V; = 1]s;, Vo, = 0)) e

15Pre-auction cooperation is also problematic: Prior to bidding, firms must invest in geophysical surveys and in a
team of experts to interpret the seismic data. Understandably, firms are reluctant to share this private information
with firms which are uninterested in drilling (and bidding) in their geographical area. (Hendricks and Porter (1992)
provide empirical evidence which is consistent with this explanation.) If firms were to know the identity of their
(not-too-distant) neighbor, they might decide to create a joint venture prior to bidding. Unfortunately, the identity
of a firm’s (not-too-distant) neighbor only becomes available after the auction. Furthermore, in 1975 the U.S.
Congress passed a law banning the eight largest firms to form bidding consortia on the grounds that they reduced

competition.
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The above equation is intuitive: If Pr(V; = 1|s;, s_;) > ¢, Player i always drills at time two unless
Player —i drills at time one and finds no oil. Note that this event happens with probability
Pr(V_; = 0|s;, s—;)A—; and Player i then saves ¢ — Pr(V; = 1|s;, V_; = 0). Under Assumption 2
the term between brackets is positive. As signal are imperfect (i.e. as p; < py < 1), Pr(V_; =

0]si, s—;) > 0. Hence, W;(s;, s_;) is also increasing in A_; in this case. I conclude:

Lemma 1 Player i’s payoff from waiting W;(s;, s—;) is increasing in Player —i’s drilling prob-

ability \_;.

Lemma 1 is intuitive: the higher A_;, the greater the probability that Player —i drills at time
one and, thus, the greater the probability that Player i learns V_;. As tract values are correlated,
this increases Player i’s payoff from waiting.
Let

Wi(siys—i) = Pr(Vo; = 1]s;,5-) [Pr(Vi =1s;, Vo =1) - C} : (3)
W(ss,5_;) represents Player i’s maximal undiscounted payoff from waiting, i.e. the value taken
by W;(s;, s—;) when Player —i drills with probability one at time one. Player i is said to face a
positive option value of waiting in the auction with bid disclosure if she prefers to wait when she
anticipates the other player to drill with probability one at time one, i.e. if Pr(V; = 1|s;,5_;)—c <
SWi(si,5-4).
Lemma 2 If 0 € [5, 1], Player i always (i.e. Y(s;,5—;)) faces a positive option value of waiting

in the auction with bid disclosure.

If the discount factor § is very low, Player i’s opportunity cost of waiting is very high. She may
then prefer to drill at time one even if she anticipates the other player to also drill at time one.
If the discount factor ¢§ is sufficiently high, however, she will prefer to wait. In what follows,
I will assume that § > 0. As documented by Hendricks and Porter (1996), the relevant time
period in my model is about three months. (This is the time that elapses between building
an exploratory well and finding out whether sufficient quantities of oil are present to warrant
production.) Suppose that the (annual) opportunity cost of capital is 10%. This implies a three-
monthly interest rate of about 2.41%. This also implies a three-monthly discount factor of 0.976.
Hence, in any reasonable calibration of my model, one should work with a very high discount
factor. In that sense, it is reasonable to assume that players—for all signal realizations—prefer
to wait if they expect the other player to drill.

Suppose Pr(V; = 1|s;,s—;) > ¢ and that Player —i drills with probability zero. In that case
waiting entails a discounting cost but no information externality. Hence, in that case Player ¢
prefers to drill at time one. Recall from Lemma 1 that W;(-) is increasing in A_;. The lemma

below then straightforwardly follows from the intermediate value theorem.
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Lemma 3 Suppose § € [0,1] and that Pr(V; = 1|s;,s_;) > c. There exists then a unique

A*, €10,1] such that Player i is indifferent between drilling and waiting.

Suppose 6 = 1 and that Pr(V; = 1|s;,s—;) > c. It then follows from 1 that Player i is

indifferent between drilling and waiting if

Pr(V; =1si,8-i) —¢ = Pr(V_; =1]|s;,s-i)A—; [Pr(Vi =1ls;, Vo =1) — c]

b=l [ Pr(V = 1si,s.) — c} . (4)

Observe that the equality is trivially satisfied if A_; = 0. It also follows from Lemma 1 that,

whenever A_; > 0, Player i prefers to wait. I conclude:

COROLLARY 1 Suppose 6 =1 and that Pr(V; = 1|s;,s_;) > ¢. Playeri is then indifferent between

drilling and waiting only if A_; = 0.

The corollary is very intuitive: If there is no discounting cost, Player ¢ is only indifferent between
drilling and waiting if there is no gain from waiting either. As explained above, this corresponds
to the case in which Player —i drills with probability zero.

As stated previously, I restrict attention to the class of the non-coordinating strategies. This
restriction, however, does mot imply that players never successfully coordinate their drilling
plans. Recall that—as tract values are imperfectly correlated and as Player two possesses a more
informative signal—both players need not possess the same time-one posterior. Suppose now
that Pr(V; = 1ls; = 0,s—; = 1) < ¢ < Pr(V_; = 1|s; = 0,s—; = 1). In this case, Player ¢
faces a negative payoff from drilling, and, thus, never drills at time one. As Player —i faces a
positive payoff from drilling and as he knows that Player i refrains from drilling, it is a best reply
for him to drill at time one. In this case, both players thus succeed to coordinate their drilling

activities.'® In the light of this comment, let

1 if Pr(V; =1s5,5-;) <e<Pr(V_; =1]s;,5_;),
Ti(sis.1) = ( | ) ( | ) 5)
0 otherwise.

Hence, if the indicator function Z;(s;,s_;) takes value 1, Player i gets W, (s;,s_;). Zi(si,5_i)
takes value 0 if the drilling cost is “very high”. In that case both players face a negative payoff

16Recall from Section 2 that the hazard rate of drilling features a U-shaped pattern. Hendricks and Porter
(1996) provide two different explanations for the initial high hazard rate. First, they argue that some firms
may be very optimistic about their drilling prospects. For them, the opportunity cost of waiting is too high
and they prefer to drill their tracts at the start of their lease term. Second, they argue that asymmetric lease
holdings induces firms to coordinate their drilling activities. In my model-—depending on the drilling cost ¢ and
on signal realizations—both players may coordinate their drilling activities, despite both of them possessing the

same number of tracts, and despite both of them possessing a positive option value of waiting.
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from drilling and, therefore, get zero. Z;(s;, s—;) also takes value 0 if the drilling cost is very low.
In that case both players face a positive payoff from drilling and, as stressed in Lemma 3, are
indifferent between drilling and waiting. In that case Player i gets Pr(V; = 1|s;, s_;) — ¢. Finally,
Zi(si,s—i) also takes value zero if Player ¢ is more confident about her prospects of finding oil
than Player —i. Hence, conditional on both players winning their tracts and conditional on their

signals, Player i gets
Ti(8i,5-i)0Wi(si,8_i) + (1 — Z; (84, s,i)) max {O,Pr(Vi =1ls;,8-4) — c} (6)

Consider now the continuation game in which Player i wins her tract but not Player —i. As
signals are disclosed, Player i takes an optimal time-one drilling decision and gets max{0, Pr(V; =
1]s;,8—;) — ¢}. Recall that if Player ¢ does not win her tract, she gets zero.

Let us(s;) denote Player i’s interim payoff:!” It represents her expected utility conditional
on her signal, conditional on the event that she wins her tract but before she finds out whether
Player —i wins his tract or not. Suppose s; = 1. Recall from Assumption 1 that Player i faces
a positive payoff from drilling, i.e. ¢ < &(1).!® As tract values are correlated, &;(1) < Pr(V; =
1ls; = s—; = 1). Hence, if Player —i is also a type-one player, both players face a positive payoff
from drilling. It then follows from 5 that Z;(1,1) = 0. Suppose now that Player —i is a type-zero
player. In that case, it is easy to check that Player i’s posterior is higher than the one of Player
—i. Formally,

Pr(V_;=1ls; =1,5_; =0) < Pr(V; =1|s; = 1,5_; = 0).

If tract values are perfectly correlated, both players possess two contradictory signals about the
realization of the same random variable. Unsurprisingly, they then possess the same time-one
posterior. If tract values are imperfectly correlated, however, the above inequality becomes strict:
As s; is more informative about V; than s_;, the type-one player is more confident about the
value of her tract than the type-zero player. It then follows from 5 that Z;(1,0) also equals
zero in this case. Using 6, I thus conclude that, if Player —i wins his tract, Player ¢ gets
max{0,Pr(V; = 1]s;,s_;) — ¢)}. Recall from my previous paragraph that, if Player —i’s bid is
rejected, she also gets max{0, Pr(V; = 1|s;, s_; —¢)}. Hence, Player i gets the same payoff as the
one she would get if she were to take a once-and-for-all decision at time one, i.e.

us (1) = ZPr(s_i|si = 1) max {O,Pr(Vi =1ls;,8-i) — c} ) (7)

s_g

7The “<” superscript refers to the event “r; < b;”, i.e. Player i wins her tract.

8Henceforth, I will sometimes refer to &;(s;) (= Pr(V; = 1|s;)) as Player i’s time-zero posterior.
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Suppose now that Player i is a type-zero player. It then follows from my previous paragraphs

that

us(0) = Ze Pr(s—;,r—i<b_i|s:=0) |:Ii(0a3i)5Wi(075i)+ (1711'(0,8—1‘)) maX{O;PT(Vi_llsi—U7Si)C}:|

—+ Es ) Pr(s_;,r—i>b_;|s;=0) max{O,Pr(Vizl|s7;:0,s_,;)—c} (8)

We now know enough to analyze Player ¢’s optimal bidding strategy. Recall that r; ~ U[0, 1].
Hence, Pr(r; < b;) = b;. Recall also that the U.S. government uses a first-price auction. Player 4
thus chooses b; to maximize b;(u; (s;) —b;). Henceforth, I will refer to this as Player ¢’s time-zero
maximization problem. Recall that I work under the assumption that signals instead of bids are
disclosed at time one. Player i’s interim payoff u; (s;) is therefore independent of b;. Player i’s
time-zero maximization problem is thus very simple: If she increases her bid, this increases her
chances of winning her tract. This benefit, however, comes at the cost of having to put more
money on the table. The solution to this problem is given by b} = 1u(s;). Henceforth, I will
refer to ul(s;,b;) (= b;(us(s;) — b;) as Player i’s time-zero utility: It represents her expected
payoff evaluated at time zero given that she bids b;. Let bf(0) denote Player i’s optimal bid if
she possesses signal zero. Similarly, bf(1) denotes the optimal bid of a type-one player.

Suppose now that bids instead of signals are disclosed. (I still assume that players face a
positive option value of waiting, i.e. § > 5) A type-one player has the possibility to drill at
time one, independent of Player —i’s bid. From an ex ante point of view, this strategy yields an
interim payoff equal to &;(1) — ¢. This interim payoff represents a lower bound: If Player ¢ were
to infer information out of his bid and to take an optimal time-one decision, she would obtain an
even higher interim payoff. Recall that Player i chooses her bid b; to maximize b;(u; (1) —b;). As
her interim payoff is bounded below by &;(1) — ¢, I conclude that, in any undominated strategy,
type-one players bid a strictly positive amount, i.e. b;(1) > b > 0. If signals are very precise,
type-one players are very confident about their prospects of finding oil. The lower bound b will
then be “high”. Observe also that the interim payoff of a type-zero player is bounded above by

ui (0) < 8 Pr(s_qls; = 0)W;(0,5_;) = a5 (0).

s

The upper bound is computed under the assumption that Player —i—independent of his type—
bids one and drills at time one with probability one. Hence, in any undominated strategy, type
zero players never bid above 45 (0). If signals are very precise, type-zero players believe that the
other player will not find oil anyway. The upper bound will then be “low”. Hence, for sufficiently
precise signals, in any undominated strategy, type-zero players bid strictly less than type-one

players. In this case in any equilibrium players must thus use invertible bidding strategies. It then
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follows from my previous paragraphs that, within the class of the non-coordinating strategies,

there only exists one equilibrium outcome. I conclude:

PROPOSITION 1 Suppose 6 € [5,1]. If, additionally, p, € [p1,1), there exists a unique equilibrium
outcome in which Player i bids bY(0) if s, =0 and b} (1) if s; = 1. Furthermore, b5 (0) < bf(1).

5 The auction without bid disclosure

In this section I consider the same game as above, except that at time % the auctioneer only
announces whether or not Player i’s bid is rejected. Bids are kept secret. Recall that u;(s;)
denotes Player i’s interim payoff: In this section it represents Player i’s expected utility given
her signal, given that she wins her tract and prior to finding out whether Player —i wins his tract
or not. g (s;) denotes Player i’s time-one posterior conditional on her signal and on the event
that Player —i wins his tract, i.e. u; (s;) = Pr(V; = 1[si,r—; < b_;). Similarly, pu; (s;) denotes
Player ¢’s time-one posterior conditional on her signal and on the event that Player —i’s bid is
rejected by the U.S. government, i.e. u; (s;) = Pr(V; = 1|s;,r—; > b_;). In general, I will refer
to Player 4’s bid with b;. I will, however, sometimes refer to her bid with b;(s;) to stress that I
only consider her bid when her signal s; takes a particular value.

As argued in section 3, Player ¢’s valuation is bounded above by 1 — ¢. In any undominated
strategy, type-one players therefore bid less than one. As the upper bound of the distribution of
the reservation price is equal to one, this implies that, in any undominated strategy, Player ¢’s bid
is rejected with positive probability. Furthermore, a type-one player has the possibility to drill
at time one, independent of whether Player —i wins his tract or not. Player ¢’s interim payoff is
therefore bounded below by &;(1) — ¢ > 0. Hence, in any undominated strategy type-one players
bid strictly positive amounts. As the lower bound of the distribution of the reservation price
is zero, this implies that, in any undominated strategy, Player ¢’s bid is accepted with positive
probability. Hence, in this game players can always use Bayes’s rule. Any Bayesian equilibrium
is therefore consistent and sequentially rational.

In what follows, I restrict attention to the class of the non-coordinating strategies. To under-
stand this restriction, suppose that the following three conditions are satisfied: (ci) both players
win their tracts, (cii) both players face a positive payoff from drilling provided they possess signal
one, i.e. puf (1) > ¢, and (ciii) both players prefer to wait if they anticipate the other player to
drill with probability one if he possesses signal one. The continuation game is then character-
ized by multiple equilibria. In one equilibrium, Player one drills with probability one (provided
s1 = 1) while Player two waits. In another equilibrium, Player two drills (provided s = 1) while

Player one waits. A strategy is said to be non-coordinating if Players do not focus on any of
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those two equilibria whenever conditions (ci), (cii) and (ciii) are satisfied. Henceforth, I will refer
to a Bayesian, non-coordinating equilibrium simply as a non-coordinating equilibrium.

The lemma below states that, without loss of generality, I can restrict attention to pure
strategies at the bidding stage. In the lemma bP%(s;) denotes Player i’s optimal bid given her

signal s; and the other player’s strategy. (BR stands for “best response”.)

Lemma 4 Suppose Player —i randomizes his bid according to an arbitrary c.d.f. denoted by
B_i(s—;). Suppose also that Player —i, conditional on both players winning their tracts, drills
(at time one) with probability A_;(s_;,b_;). It is then optimal for Player i to bid bPR(0) (with
probability one) if s; = 0 and to bid bPE(1) (with probability one) if s; = 1. Furthermore,
bER(0) < bER(1).

To gain some intuition, suppose Player —i follows the strategy described in the lemma. Player
i chooses her bid to maximize maxy, b;(u; (s;) —b;). To compute Player ’s interim payoff, I need
to distinguish between two different cases: Either Player —i wins his tract (i.e. r_; < b_;) or his
bid is rejected by the U.S. government (i.e. r_; > b_;). In the former case, Player i either drills
immediately or she waits in the hope to learn from Player —i’s drilling activity. In the latter

case she drills only if it is profitable to do so. Hence:

ui(s;) = Pr(r_; <b_;|s;) max {,uj'(sz) —c 5Wi(si)}

+ Pr(r_; > b_;|s;) max {0, w (si) — c} , ®)

where W;(s;) represents Player i’s payoff from waiting (net of discounting costs), conditional
on her signal and on the event that both players win their tracts. To understand how W;(s;)
is computed, let a_; € {drill,wait} denote Player —i’s time-one action. Observe that with
probability Pr(V_; = 1,a_; = drill|s;,r_; < b_;), Player —i drills and finds oil underneath his
tract. Recall from Assumption 2 that Player i faces a positive payoff from drilling if Player —i
finds oil. Hence, in this case Player ¢ drills at time two and gets Pr(V; = 1|s;, V_; = 1) —c. Recall
also from Assumption 2 that Player ¢ does not drill in case Player —i does not find oil. If Player

—1i waits, Player ¢ drills only if it is profitable to do so. Hence,

WZ(Sl) = PI"(V_i = 1,G,_i = d’l‘il”si,’f‘_i < b_i) |:PI'(V; = 1|Si, V—i = 1) — C] (10)

+ Pr(a—; = wait|s;,r—; < b_;) max {0, Pr(V; = 1|s;,r—; < b_s,a_; = wait) — c} .

At the risk of stating the obvious, observe that Player —i’s “complicated” strategy does not im-
pede Player i to “easily” compute all the above probabilities. For example, Pr(a_; = drill|s_; =

1) = [ Ai(Lbo)df—i(1) and Pr(r_; < b_yls;) = X, Pr(s_i|s;) [, b_idB_i(5_;) = E(b_y|s;),
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where F denotes the expectation operator. Furthermore, as 71 is independently drawn from 7,'"

all the probabilities computed in Equation 9 are independent of Player i’s bid b;. It then follows
from Player i’s time-zero maximization problem that she should bid Ju; (s;) with probability
one, i.e. Player i’s best response to any arbitrary strategy of her rival is to bid according to a
deterministic bidding function. In the Appendix, I show that u;(0) < w7 (1), thereby establish-
ing the last claim of the lemma. The intuition is straightforward: As a type-one player is more
confident about the value of her tract, she values “winning” more than a type-zero player.

It follows from Lemma 4 that u; (s;) < &(s;) < pi (si). This is intuitive: As type-zero players
bid less aggressively than type-one players, observing that Player —i’s bid is rejected indicates
that he is more likely to possess signal zero. As tract values are correlated, this decreases Player
i’s posterior probability of finding oil. Similarly, observing Player —i winning his tract indicates
that he is more likely to possess signal one. This leads to an upward revision of Player i’s posterior
probability of finding oil.

Let A;(s;) denote the probability with which Player ¢ drills at time one, conditional on her
signal s; and conditional on the event that both players win their tracts. The lemma below

establishes an intuitive property of Player i’s payoff from waiting.

Lemma 5 Suppose type-zero and type-one players bid positive amounts.?* W;(s;) is then in-

creasing in (A—;(0), A_;(1)).

The intuition behind my last lemma is identical to the one of Lemma 1: The higher (A_;(0),
A—i(1)), the higher the probability that Player i learns the value of Tract —i. As tract values
are correlated, this increases Player i’s payoff from waiting. The result rests on the assumption
that players bid positive amounts. This is also intuitive: If, for example, b_;(0) = 0, W;(s;) is
independent of A_;(0) as Player i then believes that Player —i never wins his tract if s_; = 0.
Let
Ai(si) = pf (si) — ¢ — Wi(s;). (11)

A;(s;) measures Player i’s incentives to drill at time one as opposed to waiting when both players

win their tracts. If A;(s;) > 0, Player ¢ prefers to drill.

191f, for example, r1 were equal to r2, then ,LL;" (s;) would depend on b;. To see this, suppose both players bid
bo if they are type-zero players and by (> bg) if they are type-one players. Then ,uj' (si) = &i(s;) if by = bo while
uj’(si) > &;(s;) if by = b1. In the former case Player i knows that Player —i wins his tract because the common
reservation price is low. In the latter case, she believes that perhaps Player —i wins his tract because he bid high.

Recall, however, that my independence assumption is consistent with HPS’s empirical findings (see Section 2).

20Recall that, in any undominated strategy, type-one players bid positive amounts.
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Lemma 6 A type-zero player has more incentives to wait than a type-one player, i.e. A;(0) <

A(1).
Lemma 6 states a common property of waiting games studied in the literature.?! To gain
some intuition, observe that Player i’s payoff from waiting can be rewritten as:?2
Wi(s:) = uj’(si)7c+Pr(V,i:0,a,i:drill|si,r,i <b_;) |:cfPr(Vi:1|si,V,i:0)i|
+ Pr(a,i:wait\s,i,rfi<b,i)max{O,c—Pr(%:HshTfi<b,i7a,i:wait)}. (12)

Recall from Assumption 2 that the term between square brackets is positive. The equation
above teaches us that Player ¢ has two good reasons to wait. First, with probability Pr(V_, =
0,a_; = drill|s;,r—; < b_;) Player —i drills and finds no oil. Player ¢ then refrains from drilling
and avoids an expected loss equal to ¢ — Pr(V; = 1|s;,V_; = 0). Second, with probability
Pr(a_; = wait|s;,r_; < b_;) Player —i waits. If type-zero players are more likely to wait,
this is bad news and leads to a downward revision of Player i’s posterior probability. In case
c—Pr(V; = 1|84, 7—; < b_;,a—; = wait) is positive, Player i then refrains from drilling and avoids
this expected loss. Henceforth, I will refer to the last two terms of 12 as Player i’s informational
benefit of waiting. It follows from Lemma 5 that her informational benefit of waiting is increasing

in Player —#’s drilling probability. Equation 12 allows me to rewrite A;(s;) as:

Ai(si) = (1-9) (uj(sﬁ—c) —8Pr(V_;=0,a_;=drill|s;,r_;<b_;) [c—Pr(Vi:1|si,V,i:0):|
Opportunity cost of waiting

— 6Pr(a,i:wait|si,7',i<b,i)maX{O,c—Pr(Vi:Hsi,7',i<b,¢,a,i:wait)}. (13)

Player ¢ is thus indifferent between drilling and waiting if her opportunity cost of waiting is equal
to her discounted informational benefit of waiting.

The higher Player 4’s time-one posterior z; (s;), the higher her opportunity cost of waiting.
Suppose (A_;(0), A_;(1)) is computed to balance Player i’s opportunity cost of waiting with her
informational benefit of waiting (provided that s; = 1). Recall from Assumption 1 and from
Lemma 4 that type-one players face a positive payoff from drilling after observing the other
player winning his tract, i.e. ¢ < &(1) < pf (1). As pj (1) is “high”, it follows from Lemma 5
that Player —i must drill with a “relatively high” probability. As uj (0) < u; (1), a type-zero
player faces a lower opportunity cost of waiting. As Player —i drills with a “relatively high”

probability, type-zero players prefers to wait. This explains the intuition behind Lemma 6.

218ee, for example, Hendricks and Kovenock (1989) and Chamley (2004b, Lemma 6.1, p. 124).

22Gee proof of Lemma 6 for more details.
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In the light of my last lemma, I first focus on a non-coordinating equilibrium in which type-
zero players wait while type-one players are indifferent between drilling and waiting. In the
Appendix (see proof of Proposition 3) I prove that, if the discount factor § is sufficiently high,
there does not exist a non-coordinating equilibrium in which type-zero players drill with positive
probability.

Suppose § = 1 and that s; = 1. It then follows from 13 that Player ¢ is indifferent between
drilling and waiting if Player —i drills with probability zero. This is easy to check: If § = 1,
Player i’s opportunity cost of waiting equals zero. If Player —i drills with probability zero, the
first term of her informational benefit of waiting also equals zero. The second term is equal to

zero as well as
Pr(Vi=1|s; = 1,r_; <b_j,a_; = wait; \_;(1) =0) = Pr(V; = 1|s; = 1,r_; < b_;) = pu; (1) > c.

The equality is intuitive: If Player —i drills with probability zero, Player i does not infer any bad
news out of his waiting decision. Recall that Assumption 1 states that the investment cost c is
less than the time-zero posterior &;(1). Furthermore, in Lemma 4 I have proven that type-zero
players bid less aggressively than type-one players. Hence, & (1) < uj (1), which explains the

above inequality. I conclude:

COROLLARY 2 Suppose that 6 = 1, that s; = 1, and that both players win their tracts. Suppose
type-zero players wait. Player i is then indifferent between drilling and waiting only if A\_;(1) = 0.

Suppose Player one possesses signal one and that—in case both players win their tracts—she

is indifferent between drilling and waiting. I can rewrite her interim payoff then as:
uy (1) = Pr(re < ba|sy = 1) (uf(l) - c) + Pr(ry > bo|s1 = 1) max {O,ul_(l) - c} .

Recall from above that the term between round brackets is positive. Recall also that players
shade their bids in first-price auctions. Player two’s bid can therefore be rejected for two different
reasons: Either he is unlucky and his reservation price r is just simply “too high” (i.e. higher
than by(1)), or r9 is not “too high” but he just simply bids “too low” (this corresponds to the case
in which b2(0) < 79 < b2(1)). In the former case, Player one should not infer any bad information
out of the event that ro > by and should still possess a positive payoff from drilling at time one.
In the latter case, Player one should revise her posterior probability of finding oil downwards.
If signals are very precise, however, Player one primarily attributes the event “Player two’s bid
is rejected” to the former explanation. This is easiest to understand in the limit case when
signals are perfect. Player one then knows that there is oil underneath her tract—independent

of whether Player two’s bid is accepted or not. Hence, there exists a p; < 1 such that if the
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precision of Player one’s signal p; lies above pq, 17 (1) is greater than ¢. The same remark applies
when the drilling cost ¢ is “not high”. To see this, observe that Player i’s posterior p; (1) is a
weighted average between her posterior when the other player also possesses signal one and her

posterior when the other player possesses signal zero. Formally,
p; (1) = Pr(Vi=1lsi=1,7r_; >b_,)
= Pr(s_i=1si=1r_; >b_;))Pr(V;=1|s; =s_; =1)
+ Pr(s_;=0s;, =1,r—; >b_;))Pr(V; =1|s; = 1,s_; = 0). (14)

The equality above implies that if the drilling cost ¢ is not high—i.e. if ¢ is less than Pr(V; =
1s; = 1, s_; = 0)—then Player i also faces a positive payoff from drilling even if the other player
does not win his tract. Hence, if Player one’s signal is sufficiently precise or if the drilling cost
c is sufficiently low, she gets a payoff equal to the one she would get if she were to always—i.e.
independent of whether or not the other player wins his tract—drill at time one. This implies
that uy (1) = &1 (1) — ¢. Hence, at time zero she chooses by to maximize by (§1(1) — ¢ — b1) which
yields as optimal solution b7 (1) = (&;(1) —c). The same reasoning also applies to Player two. As
she possesses a more informative signal than Player one, she also drills in the event that Player

one’s bid is rejected by the U.S. government. Therefore, b5(1) = 3(£2(1) — ¢). To summarize:

Lemma 7 Suppose type-one players are indifferent between drilling and waiting (in case both
players win their tracts). If, additionally, the drilling cost c is less than Pr(V; = 1|s; = 1,s_; = 0),
Player i’s bid b} (1) = 3(&(1) — ¢). If ¢ > Pr(V; = 1|s; = 1,s_; = 0), there exists a p1 < 1 such
that if Player one’s precision py € [p1,1), b} (1) also equals 5(&(1) — c).

In the remainder of this section, I restrict attention to the case in which type-one players bid
%(fz(l) — ¢). This assumption, however, is solely done for pedagogical purposes. I have been
able to show that Propositions 2 and 3 below hold even if Player ¢ faces a negative payoff from
drilling when the other player’s bid is rejected, i.e. if p; (1) < ¢. This proof is available upon
request. It follows from Lemma 4 that, if b (1) = $(&(1) — ¢), without loss of generality b;(0)
can be restricted to lie in [0, $(&(1) — ¢)].

Player i is said to face a positive option value of waiting in the auction without bid disclosure
if 1 (1) — e < 6W;i(1;A_;(1) = 1). In words, Player 4 faces a positive option value of waiting if

she prefers to wait even if she expects Player —i to drill with probability one in case s_; = 1.

Lemma 8 If§ € [5, 1], type-one players face a positive option value of waiting in the auction

without bid disclosure.

This is very intuitive: If the discount factor ¢ is sufficiently high, Player i’s opportunity cost

of waiting is low. Hence, if she expects the other player to drill with probability one (in case
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s_; = 1), she prefers to wait. In what follows, I will assume that § € [4,1]. Recall from Section 4
that it only takes three months to complete an exploratory well. In that sense, it seems reasonable
to assume that players possess a positive option value of waiting.

Suppose that s; = 1. If Player —: drills with probability zero, Player ¢ prefers to drill as waiting
bears an opportunity cost and no informational benefit, i.e. A;(1;A_;(1) = 0,8 € [5,1]) > 0.
Trivially, if § € [5, 1], Player ¢ prefers to wait if she expects Player —i to drill with probability
one (provided, of course, that he is a type-one player). Formally, A;(1; A_;(1) = 1,6 € [4,1]) < 0.
Observe that Lemma 5 implies that A;(s;) is decreasing in A_;(1). The lemma below then

straightforwardly follows from the intermediate value theorem.

Lemma 9 Suppose 6 € [0,1] and that b_;(1) = 1(6(1) —¢). Fizb_;(0) € [0,1(¢i(1) — 0)].
There exists then a unique A* (1) € [0,1] such that A;(1) = 0.

It follows from the explanations provided before Corollary 2 that the drilling probability
A*,(1) is strictly positive when the discount factor is less than one. This is intuitive: If the
discount factor § < 1, Player i’s opportunity cost of waiting is positive. To make her indifferent
between drilling and waiting, Player —i must thus drill with positive probability. In its turn, this
implies that in the event that Player ¢ possesses signal zero, with positive probability she learns
that the value of Tract —i equals one. Hence, Player i’s interim payoff u; (0) is positive. In its
turn, this implies that when the discount factor ¢ is less than one, she bids a positive amount,

i.e. bf(0) > 0. For future reference, I summarize this insight in my next corollary.

COROLLARY 3 Suppose that the discount factor § € [5, 1). In equilibrium, type-zero players then
bid positive amounts, i.e. b (0) > 0.

We now know enough to prove existence of a non-coordinating equilibrium. Recall from my
discussion after Lemma 4 that b}(0) = u;5(0). I focus on an equilibrium in which type-zero
players wait. Player ¢’s interim payoff u;(0) therefore positively depends on her beliefs about
the probability that Player —i drills (i.e. on A_;(1)). Furthermore, Equation 10 reveals that her
payoff from waiting is also influenced by her posterior in case Player —¢ wins his tract and waits.
In particular, as type-zero players are more likely to wait, Player ¢ becomes more pessimistic

about her prospects of finding oil after observing Player —i waiting, i.e.

Pr(V; =1|s; = 0,7—; < b_;,a_; = wait) < uj(O).
The extent to which she revises her posterior downwards depends on her beliefs about b_;(0).23

If, for example, she believes that b_;(0) = 0, she knows that Player —i is a type-one player and

231t also depends on her beliefs about b_;(1). Lemma 7, however, shows that if signals are sufficiently precise

or if the drilling cost is sufficiently low, b_;(1) is equal to some constant.
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infers no bad information out of his waiting decision, i.e.

Pr(V; =1|s; =0,r_; < b_;,a_; = wait;b_;(0) = 0) ui (0;6-;(0) = 0)

Pr(V;=1|s; =0,s_; =1).

I conclude that Player ¢’s interim payoff u;(0) depends on her beliefs about A_;(1) and b_;(0).
To stress this dependency, in what follows I will sometimes write u; (0;b_;(0), A_;(1)) instead of
u5(0). Observe that $u; (0;6-;(0),A—;(1)) maps [0, 3(£-;(1) — ¢)] x [0,1] into [0, $(&(1) — ¢)].2*

Let h: [0, 3(&1(1) — ¢)] — [0,1] with the interpretation that h(by(0)) is the probability with
which Player one must drill in case she is a type-one player to ensure that Player two is indifferent
between drilling and waiting (i.e. Ag(1) = 0) given that by(1) = £(&1(1) — ¢), and given that
Player one bids b1 (0) if s; = 0. The higher b;(0), the lower Player two’s posterior probability that
Player one is a type-one player after observing her winning her tract. This makes Player two less
optimistic about her prospects of finding oil and reduces her opportunity cost of waiting. Recall,
however, that only type-one players drill at time one. The reduction in Player two’s posterior
probability that Player one is a type-one player, thus also makes Player two less optimistic about
her chances of free-riding on Player one’s drilling effort. In its turn, this reduces Player two’s
payoff from waiting. Hence, A1(1) depends in a non-trivial way on b;(0). Recall from Lemma
9, however, that—for all values of by(0)—h(b1(0)) € [0,1], i.e. if the discount factor is high
enough, Player one can always choose some drilling probability to make Player two indifferent
between drilling and waiting. Similarly, let j : [0, 3(¢2(1) — ¢)] — [0,1] with the interpretation
that j(b2(0)) is the probability with which Player two must drill (in case sa = 1) to make Player
one indifferent between drilling and waiting given that Player two bids b5(0) if s = 0. I conclude

that a non-coordinating equilibrium exists only if (b7(0),b5(0), A1 (1), A5(1)) are computed such

that
H0) = Sur(0:5(0),250)), (15)
BO) = Jus(0:55(0), AT (1), (16)
AT(1) = h(b7(0)), and (17)
(1) = j3(0). (18)
Let F = (1u5(0), 2u3(0),h,j) and S = [0, 1(&(1) —¢)] x [0, 3(&2(1) — ¢)] x [0,1]%. Observe that,

if §€[5,1], F: S — S. As F is continuous in (b (0), bo(0), A;(1), A2(1)) and as S is compact, it

follows from Brouwer’s theorem that a fixed point exists. I conclude:

240bserve also that I slightly abuse notation here: I originally defined Player i’s interim payoff us(0) as a

number. In what follows, I define it as a function. This, however, should not cause confusion.
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PROPOSITION 2 Suppose § € [3, 1]. There exists then a non-coordinating equilibrium in which
Player i drills with probability \f(1) € [0,1] if s; = 1 and if both players win their tracts. If,
additionally, signals are sufficiently precise or if the drilling cost ¢ is sufficiently low, type-one

players drill at time one when the other player’s bid is rejected and bid b} (1) = (&;(1) — ).

The proof of the proposition when § € [§,1] and when b} (1) = 1(&/(1) — ¢) appears above.
The proof of the proposition when at least one type-one player refrains from drilling when the
other player did not win his tract, is available upon request. (That proof, however, is very similar
to the one I detailed above in the sense that it also uses Brouwer’s fixed point theorem.)

I now tackle uniqueness. I first show that, if the discount factor is sufficiently high, u;(0) is
not very sensitive to changes in b_;(0). Formally, I argue that 3:2((%)) is then € [—1,1]. As argued

above, u; (0) only depends on the bids of Player —i (i.e. b_;(0) and b_;(1)) and on A_;(1). Recall

from Lemma 7 that, if signals are sufficiently precise or if the drilling cost c is sufficiently low,

b_;(1) is equal to some constant. Therefore,

duy(0)  Ou;(0) dA_;(1) Jus(0)
db—i(0) — 9b_(0) db_;(0) OA_(1)
~——r —_——

Direct effect Indirect effect
The direct effect measures how a change in b_;(0) affects u; (0) keeping A_;(1) fixed. The indirect
effect measures how a change in b_;(0) affects u;(0) via an induced change in A_;(1).
It can be shown that the absolute value of the direct effect,

‘ Iu; (0)
db_;(0)

‘ <Pr(s_; =0]s; =0) |[c—Pr(V; =1|s; =s_; =0)| <1.25 (19)

To see this, suppose Player —i possesses signal zero and that b_;(0) is either equal to z or equal
to x + €. Suppose also that © < r_; < x +e. If b_;(0) = z, Player —i loses his tract and Player
i only drills if it is profitable for her to do so, i.e. if p; (0) > ¢. If b_;(0) = = + ¢, Player —i
wins his tract and, as he is a type-zero player, waits at time one. Player ¢ then only drills if her
time-two posterior Pr(V; = 1|s; = 0,7_; < b_;,a—; = wait) exceeds the drilling cost ¢. If both
her time-two posterior Pr(V; = 1|s; = 0,r_; < b_;, a—; = wait) and her time-one posterior x; (0)
are less than the drilling cost ¢, the direct effect is zero. This is intuitive: In this case Player
¢ only drills if Player —i wins his tract, drills, and finds oil. As only type-one players drill, her
interim payoff is therefore solely influenced by b_;(1) and A_;(1). Suppose now that

Pr(V; =1|s; = 0,7—; < b_y,a_; = wait) < ¢ < p; (0).

If he chooses b_;(0) = =, he loses his tract, Player ¢ drills at time one and loses ¢ — Pr(V; =

1ls; = s—; = 0). Had he chosen b_;(0) = x + ¢, however, he would have won his tract, both

25The proof of this inequality is available upon request.
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players would have waited and Player ¢ would correctly have decided not to drill at time two.
In this example, the increase in b_;(0) thus increases her interim payoff. Observe, however,
that her interim payoff does not increase by “much”: She only avoids an expected loss equal to
¢ —Pr(V; = 1|s; = s—; = 0) in case he is a type-zero player (which happens with probability
Pr(s_; = 0|s; = 0)). This intuitively explains Inequality 19.

As argued prior to Proposition 2, the sign of Ccllzj((é)) is ambiguous. (On the one hand, an

increase in b_;(0) reduces her time-one posterior ;" (1). As explained in Equation 13, this reduces
her opportunity cost of waiting. On the other hand, it also reduces her payoff from waiting as
she realizes that it is less likely that the other player possesses signal one given that r_; < b_;.)

The sign of g;i((ol)), however, is always positive: The higher A_;(1), the higher the likelihood

that the other player will drill at time one. This increases Player i’s payoff from waiting, and,
by extension, her interim payoff when s; = 0. Recall from Corollary 2, however, that if discount
factor § is equal to one, \* (1) = 0 Vb_;(0). (If the opportunity cost of waiting is zero, the
informational benefit of waiting must be zero too, independent of Player ¢’s time-one posterior
pi (1).) Hence, if § = 1, the indirect effect is equal to zero. By continuity, there exists a § < 1

du(0)
such that V§ € [4,1], 0y € [—1,1].

I now use my last result to prove that, if type-one players bid %(51(1) —c) and if § > max{J, 5},
Equations 15 to 18 admit a unique solution. Suppose x’ = (b1(0)’,b2(0)", A1(1)", A2(1)") and
x" = (b1(0)",b2(0)", A1(1)”, A2(1)") are two different fixed points of 15 to 18. One has

1 1
[1(0) = 82(0)"| = 5 [uf(0) = ui (0)"] < 5 [b2(0) = b2(0)"]
1 1
= s —u3(0)"] < 2 p 0y - )],
where the equalities follow from the fact that b;(0) = Fus(0) and where the inequalities follow

from my previous paragraph. Hence, x’ and x” are fixed points only if b1 (0)" = b;(0)”. Mirroring
this argument, b2(0)’ = b2(0)”. Focus now on the continuation game in which both players win
their tracts. As Player one uses the same bidding strategy in both fixed points, Player two’s
time-one posterior probability 3 (1) is identical in both fixed points. Furthermore, in both fixed
points Player two holds the same beliefs about Player one’s type. Hence, the drilling probability
which ensures that Player two is indifferent between drilling and waiting must be the same in
both fixed points (i.e. A1(1)" = A1(1)"”). Mirroring this argument A5(1)’ = Ay(1)”. This, however,

contradicts my assumption that x’ and x” are two different fixed points. I conclude:

PROPOSITION 3 There exists a critical discount factor &' < 1, such that if § > &', there exists

only one non-coordinating equilibrium.

The proof of the proposition when type-one players bid %(@(1) — ¢) appears above. The critical
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discount factor ¢’ is then defined as & = max{é,d}. As mentioned previously, I have been able
to show that the above result also holds when at least one type-one player refrains from drilling
when the other player does not win his tract. The critical discount factor §’, however, is then
different from max{cg ,0}. (That proof is available upon request.) Finally, in the Appendix I also
prove that, if the discount factor ¢ is sufficiently high, there does not exist a non-coordinating

equilibrium in which type-zero players drill with positive probability at time one.

6 Revenues, welfare, and total expected drilling

I will sometimes use the symbol D (ND) to refer to bids, time-one drilling probabilities, interim
payoffs and auction design when the auctioneer discloses (does not disclose) bids. In section
4, )\; denoted the probability with which Player ¢ drills at time one conditional on the event
that both players won their tracts. As A; depends on both player’s signals (which are correctly
inferred out of their bids) in this section A (s;, s_;; D) thus denotes Player ¢’s drilling probability
given that the auctioneer discloses bids, given both players’ signals and given that both of them
win their tracts. Similarly, bf(s;; k) (k € {D,ND}) denotes Player i’s equilibrium bid when her
signal is s; and when the auction design is k. In this section, I assume that p; > p; and that
6 > max{d,0}, i.e. I focus on the parameter range in which equilibrium is unique (within some
class of strategies) in both auction designs and in which players possess positive option values of
waiting.

Suppose Player i is a type-one player and that the auctioneer discloses bids. Recall from

Equation 7 that her interim payoff in this case equals
us(1;D) = ZPr (zP|s; = 1) max {O,Pr(Vi =1s;,27) — c} ) (20)
D

where 2P € {“s_; =17, “s_; = 0”}. The equation above teaches us that Player i’s interim payoff
in the bid-disclosure case is equivalent to the one she gets in the following decision problem: Player
i first observes a statistic 27 which reveals the other player’s type. Next, she decides whether to
drill or not.

Suppose now that the auctioneer does not disclose bids. Recall from Lemma 4 that, in case
Player —i wins his tract, she faces a positive payoff from drilling (i.e. p (1) > ¢). Recall also
that, in equilibrium, she is then indifferent between drilling and waiting. Hence, using Equation
9 Player 4’s interim payoff in the no-disclosure case can be rewritten as:

uf (L,ND) = Z Pr (:cND|si = 1) max {O,Pr(Vi =1]s; = 1,2VP) — c}, (21)

aND
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where VNP e {“r_; <b_;",“r_; > b_;"}. Player ¢’s interim payoff in the auction without bid
disclosure is thus equivalent to the one she gets in the following decision problem: First Player 4

ND

observes a statistic ¥~ which provides her with some noisy information about Player —i’s type;

next she decides whether to drill or not. Observe that if

“r_; < b_;” with prob. b*,(1;N'D), and

2P =“s_; =17, then 2NP =
“r_; >b_;” with prob. 1 —b* ,(1;ND).
Similarly, if
“r_; < b_;” with prob. b*,(0; N'D), and
2P = “s_; =07, then 2P = P i )

“r_; >b_;” with prob. 1—0b*,(0; N'D).

Stated differently, 2V? is created by “adding noise” to 2. It then follows from Blackwell’s (1951)
theorem that type-one players prefer the auction with bid disclosure, i.e. uj (1;ND) < u;(1;D).

I now analyze when Player i strictly prefers the auctioneer to disclose bids. Clearly, if the
drilling cost ¢ is lower than Pr(V; = 1|s; = 1, s_; = 0), Player i always—i.e. independent of 7’s
realization—drills in the decision problem summarized by Equation 20. Recall from my discussion
prior to Lemma 7 that if the drilling cost ¢ is lower than Pr(V; = 1|s; = 1,s_; = 0), Player i also

always—i.e. independent of zVNP’

s realization—drills in the decision problem summarized by
Equation 21. Hence, in this case Player 4 is indifferent between receiving statistic 2 or receiving
statistic zVP. Suppose now that the drilling cost ¢ is higher than Pr(V; = 1|s; = 1,s_; = 0)
and that the discount factor § is less than one. Suppose that Player —i possesses signal zero
and that his reservation price r_; is “very low”, i.e. lower than b*,(0; N'D). Hence, in this
case 20 = “s_; = 07 and VNP = “r_; < b_;”. It follows from Corollary 3 that these events
happen with positive probability. If the auctioneer discloses bids, Player ¢ thus never drills. In
the decision problem summarized by Equation 21, however, she drills and gets an expected loss
equal to ¢ — Pr(V; = 1|s; = 1,s_; = 0). Hence, with positive probability Player ¢ may incur a
loss in the auction without disclosure which she would have avoided had bids been disclosed. If
the drilling cost c is higher than Pr(V; = 1|s; = 1, s_; = 0), her interim payoff is thus higher in
the auction with bid disclosure, i.e. u;(1;ND) < us(1;D). As bids and time-zero payoffs are

increasing in interim payoffs, I conclude:
Lemma 10 Suppose that py > p1, that § € [max{d’, S}, 1) and that s; = 1.

1. If, additionally, Pr(V; = 1|s; = 1,5_; = 0) < ¢, Player i strictly prefers the auctioneer to
disclose bids, i.e. ul(1; ND) < ud(1;D). She also bids more aggressively in this case, i.e.
b (1; ND) < b¥(1; D).
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2. If c < Pr(V; = 1|s; = 1,5_; = 0), however, she is indifferent between both auction designs

and bids the same amount.
The lemma below summarizes how type-zero players rank both auction designs.

Lemma 11 Suppose that p1 > p1, that 6 > max{J’, 5} and that s; = 0.

1. Ife < Pr(V; = 1|s; = 0,5_; = 1) and if the discount factor 6 is sufficiently high, she prefers
the auctioneer to disclose bids, i.e. ul(0; N'D) < ul(0; D). She also bids more aggressively
in the auction with bid disclosure, i.e. b} (0; N'D) < b¥(0; D).

2. IfPr(V; =1]s; =0,s_; =1) < e < Pr(V_; = 1]s; = 0,s_; = 1), and if the discount factor §
is less than one, she also prefers the auctioneer to disclose bids, and bids more aggressively

in the auction with bid disclosure.

3. IfPr(V_; =1ls;, = 0,s5_; = 1) < ¢, and if the discount factor 0 is less than one, she prefers
the auctioneer not to disclose bids. Consequently, she bids more aggressively in the auction

without bid disclosure.

To understand Point one of the lemma, suppose that drilling is “very” profitable, i.e. that
¢ < Pr(V; = 1|s; = 0,s_; = 1) and that the discount factor § is equal to one. In words, the
inequality states that Player ¢ faces a positive payoff from drilling if the other player possesses
signal one, even if she possesses signal zero. It is straightforward to show that her interim payoffs

then boil down to:
us (0;D) = ZPr(xDLsi = 0) max {0, Pr(V; = 1]s; = 0,27) — c} ) (22)
D

and

uf (O;ND,§=1) = Z Pr(zVP|s; = 0) max {O,Pr(Vi = 1]s; = 0,2VP) — c}. (23)

ZND
To see this, suppose the auctioneer discloses bids and that Player —i’s bid is rejected. After
inferring his signal out of his bid, Player ¢ then takes an optimal time-one drilling decision.
Suppose now that he wins his tract. If Player —i is also a type-zero player, she gets zero as
drilling yields a negative expected payoff. Suppose now that Player —i is a type-one player. As
tract values are imperfectly correlated, Player i’s signal is more informative about the value of
Tract 7 than about the value of Tract —i. Player i’s posterior probability of finding oil is therefore

lower than the one of Player —i, i.e.

Pr(V;=1|s;, =0,s_; =1) <Pr(V_; =1|s; =0,5_; = 1). (24)
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As drilling is very profitable (i.e. as ¢ < Pr(V; = 1|s; = 0,s_; = 1)), both players thus face
a positive payoff from drilling at time one. As explained in section 4, I then assume that both
players play a mixed-strategy in the drilling game. As usual, in a mixed-strategy Nash equilibrium
Player ¢ is indifferent between drilling and waiting. Is is thus without loss of generality to write
that she then gets max{0,Pr(V; = 1|s; = 0,s_; = 1) — ¢}. Hence—independent of whether or
not Player —i wins his tract—Player ¢ gets max{0,Pr(V; = 1|s; = 1,s_;) — ¢}. This explains
equation 22. Suppose now that the auctioneer does not disclose bids. If the U.S. government
rejects Player —i’s bid, she decides whether or not to drill at time one. Suppose now that the
U.S. government does not reject his bid. As argued in section 5, in equilibrium type-zero players
prefer to wait. Recall, however, that the discount factor ¢ is equal to one. From Corollary 2 we
know that type-one players then also wait. As no one drills at time one, Player ¢ does not infer

any bad news out of the event “Player —i waited”. Formally,
Pr(V; =1|s; = 0,7_; < b_;,a_; = wait; \_;(1) = 0) = u; (0).

Player i thus drills at time two if and only if u; (0) is greater than the drilling cost c¢. This
explains Equation 23. Equations 22 and 23 thus show that—if drilling is very profitable and if
the discount factor § equals one—her interim payoffs are also equivalent to the ones she would
get in two similar decision problems: In the first one, she receives statistic 2 and then decides
whether to drill or not; in the second one, she receives a more noisy statistic about the other
player’s type (scN D) and then decides whether to drill or not. It then follows from Blackwell’s
value of information theorem that she weakly prefers to receive statistic z7.

Observe that (mD,xN D) can take the following realization: Player —i is a type-one player
whose bid is rejected (i.e. 2P = “s_; =17, and 2N? = “r_; > b_;”).25 As players shade their
bids, this case happens with positive probability. In this case Player i strictly prefers to receive
statistic z? instead of statistic 2VP: With the former statistic, she drills at time one and receives
Pr(V; = 1|s; = 0,s5_; = 1)—c > 0; with the second one, she (wrongly) chooses not to drill. Hence,
type-zero players enjoy a (strictly) higher interim payoff when the auctioneer discloses bids and
when the discount factor § is equal to one. As bids are increasing in interim valuations, she also
bids (strictly) more if the auctioneer discloses bids. Point one of the lemma then follows from
the fact that, if ¢ < Pr(V; = 1|s; = 0,s_; = 1), Player 4’s interim payoffs are continuous in the
discount factor §, and from the fact that Player i’s time-zero payoff is increasing in her interim
payoff.

I now explain Point two of the lemma. Suppose that Player ¢ possesses type zero and that

261t follows from Blackwell’s theorem that in the other realizations of (J:D,xND), Player i either prefers to

D

receive statistic £~ or she is indifferent between both statistics.
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Player —i possesses type one. Recall from Equation 24 that Player i’s posterior probability is
then lower than Player —i’s. Suppose also the profitability of drilling is “intermediate”, i.e. that
Pr(Vi=1ls;=0,5s_;=1) <c < Pr(V_; = 1|s; = 0,s_; = 1). As drilling is not “very profitable”,
Player i—independent of Player —i’s type—faces a negative payoff from drilling at time one. As
the profitability of drilling is not “low”, however, Player —i—independent of Player i’s type—
faces a positive payoff from drilling. If the auctioneer discloses bids, Player —i learns that Player
7 will not drill at time one. As waiting is costly, he then prefers to drill at time one. This, in
turn, increases her payoff from waiting. If the auctioneer does not disclose bids, however, Player
—i believes that she might be a type-one player who chooses her drilling probability A} (1; N'D)
to make him indifferent between drilling and waiting. This induces him to choose A\* ;(1; N'D) to
make her—in case s; = 1—indifferent between drilling and waiting. As explained prior to Lemma
9,if 6 > 5, A_;(1;ND) < 1. Hence, in this case Player ¢ prefers the auctioneer to disclose bids
as this increases her chances of free-riding on Player —i’s drilling cost.

To understand Point three, suppose that Player ¢ is a type-zero player and that the profitability
of drilling is “low”, i.e. that Pr(V_; = 1|s; = 0,s_; = 1) < ¢. As explained previously, the
inequality states that if Player —i finds out that Player i is a type-zero player, he faces a negative
payoff from drilling even if he is a type-one player. The inequality also implies that Player ¢ only
drills if Player —i wins his tract, drills at time one and finds oil. Hence, if the auctioneer discloses
bids, no one ever drills and her interim payoff is equal to zero. This also implies that, in the bid
disclosure case, she bids zero. Suppose now that the auctioneer does not disclose bids and that
Player ¢+ won her tract. Player — now does not know that she is a type-zero player who was
lucky to have her “low” bid accepted by the U.S. government. As explained prior to Lemma 9,
he then drills with some probability A* ,(1; N'D) at time one. Recall from Lemma 9 that Player
—i’s drilling probability A* ,(1; N'D) is positive whenever the discount factor § < 1. Hence, if the
discount factor § < 1, Player i’s interim payoff in the auction without bid disclosure is positive.2”
This also implies that she bids a positive amount. Player ¢ thus bids more aggressively in this
case if the auctioneer does not disclose bids.

We now know enough to rank both auctions in terms of revenues and welfare. It can be shown

that the expected welfare in auction k (k € {D,ND}), W(k), can be written as a weighted sum
0

of the type-zero and type-one time-zero utilities u; (s;; k) of both players. Formally,

W (k) = 3 [ Pr(s: = 0)ul(0: k) + Pr(s; = Dul(1; )] (25)

(The proof of this result is available upon request.) Similarly, expected revenues in auction k,

271f the discount factor § is equal to one, we know from Corollary 2 that Player —i waits (i.e. X, (LND) =0).

Player ¢ is then indifferent between both auction designs as she can never hope to learn out of his drilling effort.
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R(k), are computed as
R(k) =Y [Pr(si = 0)Pr (ri < b (0; k;)) b2 (0; k) + Pr(s; = 1) Pr (ri < b (1; k)) bi(1; k)] .
i

Suppose first that the profitability of drilling is either “high” or “intermediate”, i.e. that ¢ <
Pr(Vy = 1|s; = 1,83 = 0). The inequality implies that type-one players face a positive payoff
from drilling—even if the other player possesses signal zero.?® It then follows from Point two
of Lemma 10 that type-one players are indifferent between both auction designs. Recall from
Points one and two of Lemma 11 that if, additionally, the discount factor § is sufficiently high
but less than one, type-zero players then strictly prefer the auctioneer to disclose bids. Hence,

in this case the auctioneer raises welfare and revenues by disclosing bids. To summarize:

PROPOSITION 4 Suppose that signals are sufficiently precise, i.e. that p1 > p1. Suppose also that
the profitability of drilling is not “low”, i.e. that ¢ < Pr(Vq =1|s1 = 1,82 = 0). If, additionally,
the discount factor § is sufficiently high but less than one, disclosing bids raises welfare and

Tevenues.

The cost of an exploratory well should often be small in comparison to the value of the oil
(in case oil is found in sufficient quantities to warrant production). Hence, after normalizing
the value of the oil to one, it is often realistic to assume that the drilling cost ¢ is less than
Pr(Vi = 1]s; = 1,82 = 0). Furthermore, as argued in Section 4, in any reasonable calibration of
my model the discount factor § should be very high. Proposition 4 thus provides some theoretical
justification for the U.S. government’s practice of disclosing bids in those auctions.

This justification, however, need not hold if at least one tract is “marginal”, i.e. if the ex
ante profitability of one tract is low. To see this, suppose that ¢ > Pr(V; = 1]s; = 1,52 = 0).
In words, the inequality implies that at least one type-one player (i.e. Player one for sure and
possibly Player two) faces a negative payoff from drilling if she finds out that the other player
possesses signal zero. It follows from Point one of Lemma 10 that Player one (in case s; = 1)
then prefers the auction with bid disclosure: If she were to find out that Player two possesses
signal zero, she would refrain from drilling and thereby avoid an expected loss. Point three of
Lemma 11, however, establishes that Player two (in case so = 0) then prefers the auction without
bid disclosure: If bids are disclosed, she correctly predicts that her low bid removes Player one’s
incentives to drill. In turn, this “kills” any hope she has to free-ride on her drilling cost. An

auction designer thus faces a trade-off in this case: If she discloses bids, the loss of revenues due

28Recall that, as Player two possesses a weakly more informative signal, Pr(V4 = 1|s1 = 1,50 = 0) < Pr(Va =
1|s1 = 0,s2 = 1). Hence, if Player one still faces a positive payoff from drilling after inferring that so = 0, so does

Player two after inferring that s; = 0.
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to less aggressive bidding by at least one type-zero player needs to be weighed against the gain
due to more aggressive bidding by at least one type-one player.

It is easy to show that the auction without bid disclosure may—depending on the values of
the exogenous parameters—generate more expected revenues than the one with bid disclosure.
To see this, suppose both players have the same signal precision, i.e. p; = ps. In this case it is
straightforward to show that Pr(V; = 1|s; = 1,82 = 0) = Pr(Va = 1]s; = 0,82 = 1). In both
probabilities Player i possesses signal one, while the other player possesses signal zero. As both
players possess equally informative signals, Player one’s inference that player two possesses signal
zero is equivalent to Player two inferring that Player one possesses signal zero. They therefore
compute the same posterior probability of finding oil. Suppose now that if s; = 1 and if s_; = 0,

Player i’s payoff from drilling is equal to zero, i.e.
Pr(Vi=1ls;=1,s_;,=0)=c¢ Vi. (26)

As Player i’s payoff from investing is equal to zero, I assume that she does not invest.?? Suppose
that the auctioneer discloses bids. Recall from Equation 20 that her interim payoff is then
equivalent to the one she gets in a decision problem in which she first observes Player —i’s type
and next decides whether to drill or not. Observe that Equality 26 implies that, in this decision
problem, she gets the same payoff as the one she would get if she were to drill at time one—
independent of his type. It follows from Equation 14 that, in the auction without bid disclosure,
one can think of a type-one player as someone who also drills at time one—independent of
whether Player —i wins his tract or not.?° Hence, under Equality 26, type-one players get the
same interim payoffs in both auction designs. This also implies that they bid the same amount
and derive the same time-zero utility from both auction designs.

Suppose now that Player i is a type-zero player. If the auctioneer discloses bids, she never
learns the value of Tract —i. Hence, she bids zero in the auction with bid disclosure. If the
auctioneer does not disclose bids, however, we know from Corollary 3 that she bids a positive
amount. Hence, in this example the auctioneer can raise welfare and revenues by not disclosing
bids. Observe that this result holds even if the discount factor ¢ is close to one. Observe also
that this result holds generically as—whenever ¢ > Pr(V; = 1|s; = 1,52 = 0)—payoffs and
drilling probabilities are continuous in the drilling cost ¢ and in the signal precisions p; and ps.

I therefore conclude:

29This assumption is innocuous: All the results presented in this paragraph hold as long as the drilling cost is

slightly above Pr(V; = 1|s; = 1,5_; = 0).

30To be more precise, she drills at time one if the auctioneer rejects Player —i’s bid and is indifferent between

drilling and waiting if Player —i also wins his tract. This precision, however, is immaterial for what follows.
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PROPOSITION 5 There exists a ¢ > Pr(Vy = 1|s; = 1,59 = 0) and a p2 > p1, such that if the
drilling cost ¢ € [Pr(Vh = 1]s; = 1,85 = 0),8], if Player two’s precision pa € [p1,p2] and if the

discount factor § < 1, not disclosing bids raises welfare and revenues.

So far, I defined welfare as the sum of the ex ante utilities of both bidders. Drilling, however,
may also entail a positive externality: More drilling, for example, should lead to lower oil prices
and less reliance on imported oil. To analyze this issue in greater detail, I define total expected
drilling as the number of exploratory wells that are expected to be build in both periods. In the
Appendix,®' I show that, if the discount factor is sufficiently high, an increase in a player’s bid
cannot decrease total expected drilling. This is intuitive: The higher a player’s bid, the higher
the probability that her bid will be accepted and, thus, that she will eventually drill. Recall from
Point one of Lemma 10 that if the profitability of drilling is low (i.e. if Pr(V; = 1|s; = 1,89 =
0) < ¢), Player one (in case s; = 1) bids more aggressively if the auctioneer discloses bids. Point
three of Lemma 11, however, states that Player two (in case s2 = 0) bids more aggressively if the
auctioneer does not disclose bids. Hence, even if one disregards the effect of auction design on
the drilling probabilities, comparing total expected drilling in both auction designs when drilling
is a low-profitability activity is not straightforward.

It follows from Point 2 of Lemma 10 and from Points one and two of Lemma 11 that, if
the profitability of drilling is not low and if the discount factor is sufficiently high, all types bid
weakly more in the auction with bid disclosure. If the drilling probabilities were independent of
the auction design, disclosing bids would then promote total drilling. Bid disclosure, however,
may sometimes reduce the equilibrium drilling probabilities. To see this, suppose both players
possess signal zero and that the discount factor ¢ is less than one. If the auctioneer discloses
bids, it follows from Assumption 1 that no one drills. Recall from Corollary 3 that, without bid
disclosure, type-zero players bid positive amounts. Furthermore, without bid disclosure, Player
i does not know that Player —i also possesses signal zero. Instead, she may even observe him
winning his tract which increases her posterior probability of finding oil. If the drilling cost

c is low enough, she might then drill at time two.?? Comparing total expected drilling when

31See proof of Proposition 6.

32The idea that not disclosing bids may promote drilling is not solely confined to the case in which both
players possess signal zero, nor to the case in which ¢ < Pr(Vi = 1|s1 = 1,s2 = 0). Suppose, for example, that
(si,s—i) = (1,0) and that Pr(V; = 1|s; = 1,s_; = 0) —c = —¢, where € represents a very small positive number. If
the auctioneer discloses bids, Player ¢ does not drill. Without bid disclosure, however, Player ¢ does not know that
the expected payoff from drilling is negative and drills with positive probability. In the Appendix, I analyze such
an example in greater detail and I argue that the auctioneer could increase welfare, revenues and total expected

drilling by not disclosing bids. To be more precise, it is shown that total expected drilling is 73% higher in the
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¢ < Pr(V; =1]s1 = 1,52 = 0) is thus not straightforward either.

Suppose that the drilling cost ¢ lies between Pr(V; = 1]s;1 = 0,82 = 1) and Pr(V; = 1|s; =
1,52 = 0) and that the discount factor § is sufficiently high.3® It is easy to show that bid
disclosure, besides raising revenues, then also raises total drilling. Recall that, as Player two
possesses a more informative signal than Player one, she infers more bad news out of “sy = 07
than Player one does out of “s; = 07. Therefore, in this case Pr(Va = 1|s; = 1,52 = 0) <
Pr(Vy =1|s; = 0,82 = 1) < ¢. Hence, in this case type-zero players only drill if the other player
drills his tract at time one and finds oil. This insight implies that, if Player ¢ is a type-zero
player and if the other player does not win his tract, she refrains from drilling—independent of
the auction design. Similarly, as Player two possesses a more informative signal, in this case
¢ < Pr(Vh =1|s1 = 1,85 =0) < Pr(Va = 1|s; = 0,89 = 1). Hence, in this case type-one players
always drill unless the other player drills at time one and finds no oil. This insight implies that,
if Player i is a type-one player and if the other player does not win his tract, she drills at time
one—independent of the auction design. Hence, both auction designs generate the same amount
of drilling when only one player wins her tract. Suppose thus that both players win their tracts.
If both players possess signal zero, no one drills—independent of the auction design. If both
players possess signal one, they play a war-of attrition. In the auction with bid disclosure, Player
i drills at time one with probability Af(s; = s_; = 1; D). Without bid disclosure, she drills with
probability Af(1; ND). Recall from Corollaries 1 and 2 that, if the discount factor § is equal to
one, both players wait, i.e. Af(s; = s_; = 1;D) = A\}(1;ND) = 0. They thus both drill at time
two—independent of the auction design. Suppose now that Player ¢ possesses signal one while
the other player possesses signal zero. With bid disclosure, Player ¢ drills while the other player
only drills if Player 4 finds oil. Total expected drilling in this case thus equals

1+Pr(V;=1ls;, =1,5_;, =0). (27)

Without bid disclosure, Player ¢ drills at time one with probability A\ (1; D) and at time two
with probability 1 — A (1; N'D). Total expected drilling then equals

A(LND) [14+Pr(V; =1]s; =1,5_; = 0)| + 1 — A (L,AND),

which is less than 27. As the drilling probabilities Af(s; = s—; = 1;D) and A\ (1;ND) are

auction without bid disclosure.

33 As both tract values are not perfectly correlated, signal s; may—provided that p; is sufficiently high—be
more informative about the value of Tract one than sa. In that case Pr(V; = 1]|s1 = 0,52 = 1) < Pr(V3 = 1|51 =
1,82 = 0). This is the case that I consider in this paragraph. If, however, signal one is very uninformative or if

signal two is very informative, Pr(V4 = 1|s1 = 1,s2 = 0) < Pr(Vi = 1|s1 = 0,s2 = 1).
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continuous in d, this result holds generically, i.e. for a sufficiently high discount factor 4, the
auction with bid disclosure generates more expected drilling than the one without disclosure.
Finally, it is also easy to show that bid disclosure may promote revenues but hurt total
expected drilling. Suppose, for example, that both players’ signals are equally precise (i.e. p; =
p2) and that
c=Pr(V; =1|s1 =352 =0) +¢,

where € represents an arbitrarily small positive number. Recall from Point two of Lemma 10 that
type-one players bid the same amount in both auction designs. It follows from Point 1 of Lemma
11 that—if the discount factor ¢ is sufficiently high—type-zero players bid more aggressively if
the auctioneer discloses bids. Hence, the auction with bid disclosure generates more revenues
than the one without disclosure. Suppose now that the discount factor § is equal to one and that
both players win their tracts. Recall from Corollaries 1 and 2 that no one then drills at time
one. If the auctioneer discloses bids Player ¢ may infer that the other player also possesses signal
zero. As drilling then yields an expected loss of €, both players refrain from drilling. Had bids
not been disclosed, she would not have inferred that the other player possesses signal zero and

would have drilled at time two. To summarize:
PROPOSITION 6 If the discount factor § is sufficiently high and if
Pr(Vi=1|s; =0,s2 =1) < c < Pr(V4 = 1|51 = 1,52 = 0), (28)

disclosing bids raises revenues and total expected drilling. If 28 is not satisfied, the effect of bid
disclosure on total expected drilling is ambiguous. Disclosing bids may—depending on the values
of my exogenous parameters—decrease revenues and total expected drilling. Disclosing bids may

even increase revenues but reduce total expected drilling.

7 Final Remark

My results are not driven by my assumption that bids are disclosed between the auction and
the drilling stage. Instead, they are driven by the fact that bids are disclosed before the drilling
game. An open ascending auction should thus suffer from the same weakness as the auction with
bid disclosure: If i observes that —i releases his button early, this affects her incentives to drill
negatively. Anticipating this, —¢ may bid less aggressively in an open ascending auction than in

a first-price sealed bid one (not followed by bid disclosure).
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Appendix

Proof of Lemma 2

Let Sz(sl, s—;) be defined as the critical discount factor such that
max {0, Pr(Vi = Usi,s) = e} = i(si, s ) Wilsirs-0). (29)

Observe that Si(si,s_i) = 0 when Pr(V; = 1|s;,s—;) < c. If 6 > Si(si,s_i), Player i prefers to

wait if she anticipates Player —i to drill at time one with probability one. Let
6; = max{4,(0,0),;(0,1),8;(1,0),8;(1,1)}. (30)

Player 7 is said to face a positive option value of waiting if § > 5;.

Trivially, Si(si, s—;) < 1 when Pr(V; = 1|s;,s—;) < ¢. Hence , suppose that Pr(V; =
1lsi,s—;) > c and that Player —i drills with probability one. As é = 1, there is no (dis-
counting) cost of waiting. As A_; = 1, Player #’s gain of waiting is positive as with probability
Pr(V_; = 0|s;, s—;) Player —i will find out that there is no oil (underneath his tract). Player ¢ then
refrains from drilling at time two and avoids an expected loss equal to ¢ — Pr(V; = 1|s;, V_; = 0).
Hence, if § = 1, Player ¢ prefers to wait if she expects Player —i to drill with probability one.
Therefore, Si(si, s$—i) < 1V(s;,s—;). Using 30, I conclude that 5 < 1Vi.

Let 6 = max{gl, Sg} By construction, both players then always face a positive option value

of waiting.m

Proof of Proposition 1

I first state and prove the following Lemma.

Lemma 12 Suppose p, is close to one and that Assumption 2 holds. p°, p', and 6 must then

also be close to one.

Proof: Recall that p; < ps. Hence, if p; is close to one, so is ps. Recall also from Assumption
2 that Pr(V; = 1|s; = 1,V_; = 0) < ¢. Using Bayes’s rule this inequality is equivalent to

% < % 1f0po. If p; is close to one, the inequality is only satisfied if p° is close to one too. As

v(1—pH)y =1 —v)(1 - p%), p! must then also be close to one.
Recall from Assumption 1 that ¢ < &;(1). As tract values are correlated, &;(1) < Pr(V; =
1]s; = s—; = 1). Thus, if both players possess signal one, they face a positive payoff from drilling.

It then follows from 3 and 29 that d;(1,1) is computed such that

Pr(Vi=1lsi=s_;=1)—c=06,(1,1)Pr(Voy =1|s =s_; = 1) |[Pr(Vi=1]s; = 1,V_; =1) — ¢| .
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Observe that, if p; is close to one, the left-hand side is close to 1 — ¢ while the right-hand side
is close to 0;(1,1)(1 — ¢). Hence, lim,, 1 0;(1,1) = 1. Recall from 30 that 6,(1,1) < §;. Hence,
lim,, ¢ 5; = 1. & must then also be close to one as, 5= max{Sl,SQ}.l

As argued in the body of the text, u; (1) is bounded below by ¢;(1) — c¢. Hence, type-one
players, by bidding %(@(1) — ¢), guarantee that their time-zero payoff u?(1) is bounded below by
1(&(1) — ¢)2. Let b; be the lowest bid such that

(e —e) =b (5 0) -b).

where @7 (1) = Pr(V_; =1|s; = 1)(Pr(V; = 1|s; = 1, V_; = 1) —¢). Observe that b; > 0 and that,
in any undominated strategy, b;(1) > b;. Let b = min{by, b,}. Observe that lim,, .1 b= (1 —c).

In the body of the text, I also argued that, in any undominated strategy, type-zero players
bid below

5ZPr(s,i|si =0)W;(0,5_;) = b;.

Let b = max{b;,by}. It follows from Lemma 12 that limplﬁll_) = 0 < lim,, .1 b. By continuity,
there exists a p; < 1 such that Vp; € [p1,1), b < b. Hence, if $; < p;, in any undominated
strategy, type-zero players bid strictly less than type-one players. In this case in any equilibrium
players must thus use invertible bidding strategies.

Suppose now that $; < p; and that beliefs are updated as follows: If b; < b, Player i is
supposed to be a type-zero player. If b; € (b,b), beliefs don’t matter and Player i is supposed to
be a type-zero player with any arbitrary probability. If b; > b, Player ¢ is supposed to be a type-
one player. These beliefs are consistent with the bids and with the continuation play computed
in Section 4 when signals instead of bids were disclosed. To see this, suppose that s; = 0 and that
she expects Player —i to bid b* ;(1) if s_; = 1 and b*;(0) if s_; = 0. Suppose she bids b; € [0, b]
and b; # b7(0). Given the assumed out-of-equilibrium beliefs, his beliefs about her type would
still be degenerate. As I restrict attention to the class of the non-coordinating strategies, this
implies that Player —i’s continuation play is equivalent to the one he would follow had she bid
b¥(0). Hence, her interim payoff would then be equal to the one computed in Equation 8. As
b (0) denotes the optimal bid given that interim payoff, and as her objective function is concave,
Player i loses by bidding b; # b} (0). Similarly, a type-one player loses by bidding b; € [b, 1] and
b; # bX(1), as by assumption, this would not affect Player —i’s beliefs about her type, nor would it
affect his continuation play. Hence, her interim payoff would then be equal to the one computed
in Equation 7. As b} (1) is the optimal bid given that interim payoff, and as her objective function

is concave, Player 4 loses by bidding b; # b7 (1).H
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Proof of Lemma 4

Observe that equation 9 can be rewritten as u;(s;) = max{A4;(s;), Bi(s;)} + max{0,C;(s;)},

where
Ai(s;)) = Pr(Vi=1,r_; <b_y|s;)(1 —¢) = Pr(V; =0,r_; < b_;|s;)c (31)
= Pr(r_; <b_|s;) (Pr(Vi =1s4,r—; < b_;) — c) ,
Bi(si) = 0Pr(r_; <b_;|s;))Wi(si), and
Ci(s;) = Pr(Vi=1,r_; >b_4|s;)(1 —¢) = Pr(V; =0,7_; > b_;|s;)c

= PI‘(T_Z' > b—i|5i) (PI‘(Vz = 1‘81‘,7”_1‘ > b_l) — C) .
Observe also that A;(0) < A;(1) is equivalent to
0< [60) = &O)] [Prir—i <boilVi =)A= ) + Pr(rs <biVi = 0)c| . (32)

Under Assumption 1 the first term between square brackets is positive. The second term between
square brackets is positive too as, in any undominated strategy, type-one players bid positive

amounts. Hence, inequality 32 holds.

In a similar vein, C;(0) < C;(1) can be rewritten as
0< [@(1) _ gi(oﬂ [Pr(r_i > b_y[Vi = 1)(1 = ¢) + Pr(r_; > b_i|Vi = O)C} :

which also holds as, in any undominated strategy, players bid less than one.

Observe that Pr(r_; < b_;|s;)Wi(s;) = D;(s;) + max{0, E;(s;)}, where
Di(si) = Pr(Vo;=1,r_;<b_;,a_;=drill|s;) Pr(\/,;:l\si,\/_izl)—c} and,
Ei(si) = Pr(Vi=lr_;<b_ja_i=wait|s;)(1—c)—Pr(Vi=0,r_; <b_;,a_i=wait|s;)c.
Observe also that F;(0) < E;(1) is equivalent to
0< [@(1)751-(0)} [Pr(r,i<b,i,a,i:waitm:l)(1—c)+Pr(r,i<b,i7a,i:wait|vi:0)c} ,

which is satisfied. Observe also that the inequality is strict when (A_;(0),A_;(1)) # (1,1).
D;(0) < D;(1) is equivalent to

0< |:£L(1)7€1 (0):| {Pr(V,i:I,r,i<b,i,a,i:dm‘ll|Vi:1)(lfc)+Pr(V,i:1,r,i<b,i,a,i:drill\Vi:O)c} s

which is satisfied. The inequality is strict when (A_;(0), A_;(1)) # (0,0).
It follows from my preceding paragraphs that u; (0) < us (1) when (A_;(0), A_;(1)) # (0,0).
Suppose (A_;(0),A_;(1)) = (0,0). Interim utilities can then be written as:
ur(0) = max{0,A4;(0)} + max{0,C;(0)}, and

S(1) = max{0,4;(1)} + max{0,C;(1)}.
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Observe that 0 < &(1) — ¢ = A;(1) + C;(1). Hence, either A;(1) > 0 or C;(1) > 0. This insight,
combined with my earlier result that A;(0) < A;(1) and that C;(0) < C;(1), implies that in this

case u; (0) is also strictly less than u; (1). As bids are increasing in interim payoffs, b;(0) < b;(1).1

Proof of Lemma 5

As type-zero and type-one players bid positive amounts, and as signals are imperfect, Pr(V_; =
1,8 4|85, 7= < b_;) >0 V(s;,5—;). Hence, if Pr(V; = 1|s;,r_; < b_;,a_; = wait) < ¢, it follows
from Equation 10 that W;(s;) is increasing in (A_;(0), A_;(1)). Suppose now that Pr(V; =
1]84,7—; < b_;,a—; = wait) > ¢. In that case W;(s;) can be rewritten as

Wi(si) = /,62_(1) —c+ ZPT(V—i = 0, s_i|si, r_; < b_i))\_i(s_i) (C — PI‘(V; = 1|8i, V_i = 0)) .
Recall that, under Assumption 2, ¢ > Pr(V; = 1|s;, V_; = 0). As players bid positive amounts
and as signals are not perfect, Pr(V_; = 0,s_; = 1|s;,r—; < b_;) > 0 Vs; and Vi. Hence, in this

case W;(s;) is also increasing in (A_;(0), A_;(1)).m

Proof of Lemma 6.

In this lemma I write p; instead of uj‘(si) to denote Player ¢’s time-one posterior given that
Player —i won his tract. This should not cause confusion. Similarly, in this lemma I use A;(u;)
instead of A;(s;) to denote the difference between Player i’s payoff from drilling and her payoff
from waiting given that she believes at time one that V; = 1 with probability ;.

I first explain how to derive equation 12. Observe that W;(s;) can be rewritten as

Wi(s) = Pr(Vo,=1a_; =drill|si,r_; <b_;) |Pr(V; = 1|s;, V_; = 1) — c}
+ Pr(a—; = wait|s;,r_; < b_;) max {O,Pr(Vi =1ls;,r—; < b_j,a_; = wait) — c}
+ Pr(Vei = 0,a; = drillls;, r—; < b_;) | Pr(V; = 1]s;, V_; = 0) — c}
+ Pr(V_;, =0,a_; =drill|s;,r—; < b_;) _c —Pr(V, =18, V_; = O)}
+ Pr(a_; = wait|s;,r—; < b_y) [Pr(Vi =1ls;,r—; < b_j,a_; = wait) — c]

— Pr(a; = wait|s;,r—; < b_;) [Pr(Vi =1ls;,r—; < b_j,a_; = wait) — c] .

The sum of the first, the third, and the fifth line is equal to p; — ¢. Equation 12 then follows

from the fact that the sum of the second and the sixth line equals

Pr(a—; = wait|s;,r—; < b_;) max{0,c — Pr(V; = 1|s;,r—; < b_;,a_; = wait)}.
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Using 10, A;(p;) can be written as

Ai(pi) = pi—c—46 |:,ui Pr(V_izl,a_i:drill\Vizl,r_i<b_i)(1fc)f(1f,ui)Pr(V_izl,a_i:drillﬂ/i:O,r_i<b_i)c:|

— 4 max{(),/_ti Pr(a_;=wait|V;=1,r_;<b_;)(1—c)—(1—p;) Pr(a,i:waitﬂ/i:(],'r‘fi<b,i)c}‘

Let K; (i) = 1 if the second term of the right-hand side is positive and C;(p;) = 0 otherwise. In
words, K;(u;) = 1 if Player ¢ faces a positive payoff from drilling after observing that Player —i

waited given that her time-one posterior equals p;. One has %}Efi) =1-6 %}fi‘i% where

OW,(ks)  —

o0 Pr(V_;=l,a_;=drill|V;=1,r_;<b_;)(1—c)+Pr(V_;=1,a_;=drill|V;=0,r_;<b_;)c
i

+  Ki(ps) Pr(a—;=wait|Vi=1,r_;<b_;)(1—c)+K;(p;) Pr(a_;=wait|V;=0,r_;<b_;)c.

The right-hand side is maximal when K;(u;) = 1 in which case av‘g’iﬁffi) € (0,1). Hence, %}Si‘i) >
0.

Using the second fundamental theorem of calculus, one has

Ai(1) = A;(0) +/M(1) 04 (i)

dx.
1:(0) Opi

Hi=x

The lemma then follows from my finding that %}E‘“) > 0 and from the fact that p;(0) < p;(1).m

i

Proof of Lemma 7

I am left to show that, if signals are sufficiently precise, p; (1) > c¢. Using Bayes’s law, one has

1
1—6,(1) Pr(r_;>b_,|Vi=0) *
&(1) Pr(r—;>b_;|V;=1)

py; (1)

T )

In any undominated strategy, b*,(1) < 1. As r_; is drawn from a continuous distribution whose
upper bound equals one, Pr(r_; > b_;|V; = 1) > 0. Observe also that if p; is close to one,
1—¢;(1) is close to zero. It then follows from the equation above that if p; is close to one, p; (1)

is also close to one. As ¢ < 1, there exists a p1 < 1 such that p; (1) > ¢, Vp; > p1.®

Proof of lemma 8

Observe that A;(1;A_;(1) = 1,0 = 0) > 0. Recall from Corollary 2 that A;(1;A_;(1) = 0,6 =
1) = 0. Recall also from Lemma 5 that her payoff from waiting is increasing in the other player’s
drilling probability A_;(1). Hence, A;(1; A_;(1) =6 =1) < 0. As A;(s;) is decreasing in §, there
exists a §; < 1 such that A;(1; A_;(1) = 1,6 = &;) = 0.

Observe that Si depends on her beliefs about his bidding strategy. To see this, suppose
she believes that b_;(0) = b_;(1). In that case Pr(s_; = 1|s;,7—; < b_;) = Pr(s_; = 1|s;).
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If, however, she believes that b_;(0) = 0 < b_;(1), Pr(s_; = 1|s;,r—; < b_;) = 1. As tract
values are correlated, the higher Pr(s_; = 1|s;,7_; < b_;), the higher x; (1). A higher value of
Pr(s_; = 1]s;,7—; < b_;) also increases her payoff from waiting as only type-one players drill at
time one. Hence, the value of A;(s;), and, by extension, the value of 5; depend on her beliefs
about Player —i’s bidding strategy. To make this dependency explicit, I will write &»(b,i(O))
instead of simply 5;. (The critical discount factor also depends on her beliefs about b_;(1), but,
as shown in Lemma 7, if signals are sufficiently precise or if the drilling cost c¢ is sufficiently low,

b_;(1) is equal to some constant.) The lemma then follows from the following definitions: let

6; = max{d;(b_;(0)) : b_;(0) € [0, 2(6-5(1) = 0)]}, and 6 = max{dy, 0.} m

Proof of Proposition 3

I am left to argue that if § > max{d, 0}, there does not exist a non-coordinating equilibrium in
which Player ¢ drills with positive probability whenever she is a type-zero player and whenever
both players won their tracts. Recall from Lemma 4 that in this case type-one players face a
positive payoff from drilling. Hence, conditions (ci) and (cii)—stated at the start of Section
5—are satisfied. Condition (ciii) is satisfied as well as—by construction of 6—type-one players
are assumed to possess a positive option value of waiting: If Player —i expects Player ¢ to drill
whenever she is a type-one player, he prefers to wait. Observe that such an equilibrium only
exists if Player ¢ weakly prefers to drill, i.e. if A;(0) > 0. Lemma 6, however, then implies that, if
Player i were to possess signal one, she would strictly prefer to drill at time one. As the discount
factor is high, Player —i then prefers to wait. Hence, in such a candidate equilibrium, players are
coordinating their drilling activities. This behavior, however, is ruled out in a non-coordinating

equilibrium.m

Proof of Proposition 6

Let TD<<(s1, s2; k) denote total expected drilling conditional on the event that both players win

their tracts,3* conditional on their signals and conditional on the auction design k. If k = D,

TD<<(s1, s2; D)

A7 (s1,82; D)5 (81, 82; D)2 + A] (51, 52; D) |:1 — )\;(Sl,SQ;D):| [1 + Pr(Vy = 1]s1, s2)

+

)\;(sl,sng) [1 - )\I(sl,sz;D):| [1 + Pr(Va = 1|51,82):|

+ {1 — Al (51, 82; D):| [1 — A5 (51, 82; D)i| |:I'151 (D) + 1,2 ('D):| s (34)

34The “ << ”-superscript refers to the event that 7; < b; and that r_; < b_j.
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where Z7* (D) is defined as

_ 1 if Pr(V; =1ls;,8-4) > ¢
77" (D) = (35)
0 otherwise.

TD<<(s1,s2; ND) is computed in a similar way except for the following three main differences.
First, Af(s; = 0,s_; ND) = 0. Second, X (s; = 1,5_;; N'D) is independent of s_;. Third, in case
both players wait, Player ¢ drills at time two only if Pr(V; = 1|s;,r—; < b_;,a_; = wait) > c.
Total expected drilling in auction k, TD(k), is thus computed as:

TD(k) = 3.3 Pr(si.s2) {b;(sl; k)b (s0; k)T D<= (s1, 2: k)

81 S2

(1 k) [T 325 )| T3 (R) 4 (23 ) [1 = bi(ss )| T2 ()} (36)
In the above equation, Z;* (D) is defined in Equation 35, while

T (D) = 1 ifp; () >c (37)

0 otherwise.
Using 36, one has

8;;5)(;5) = ;Pr(si7 S—;) {b,i(s,i; k)T D<<(s;,s-i; k) + <1 —b_i(s_y; k)) 77 (k)

— ba(s s RT (R )

Observe that TD<<(s;,s_;; D) > Z°;*(D) and that the inequality becomes strict if § < 1. I am
therefore left to show that the partial derivative is non decreasing when k = A'D. Observe that
the term between curly brackets is positive when Z°;"(AN'D) = 0. I now show that that term is
non-negative when Ii’ii(./\f D) = 1 and when the discount factor is sufficiently high. Recall that
I°7'(ND) =1 & p”,(s—;) > c. Recall from Corollary 2 that A\f(1;N'D) = 0 whenever § = 1.
This implies that

Pr(Vo;, =1]s_j,r—; < b_jya_; = wait; \; (LND) = 0) = pF,(s—;) > p_,(s—;) > c.

As A\¥(1; N'D) is continuous in 4§, for ¢ high enough the time-two posterior of Player —i remains
higher than c. This implies that TD<<(s;,s_;; N'D) > Z°7*(N'D), Vs;, s_;. Hence, %7;,[()8@)) >0,
Vi, Vs;, and Vk.

I now prove the first statement of the proposition. Suppose that Pr(V; =1|s; =0,s0 =1) <
¢ < Pr(Vy =1|s1 = 1,82 = 0). It follows from above and from the explanations provided in the
paper that in this case

lim TD(D) = Pr(si = 1,52 =0) {bl(l;D)bg(O;D) [1 +Pr(Vi =1]s; = 1,80 = 0)} +b1(1;D) (1 - @(o;D))}

+ Pr(51 =0,s89 = 1) {bl(O;D)bQ(l;'D) |:1 + Pr(VQ = 1|51 =0,s89 = 1):| +b2(1;D) (1 — bl(O,D)>}

4+  Pr(s; = s2 =1)2.
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Recall from Corollary 2 that if § = 1, no one drills at time one. Hence, if k = N'D, if (s;,5_;) =

(1,0) and if both players win their tracts, only Player 4 drills at time two. Therefore,

gim TD(ND) Pr(sy = 1,52 =0) {bl(l;/\f'D)bg(O;./\/D) +b1(1; ND) (1 — bg(O;/\/D)) }
-1
+ Pr(sy =0,s2 =1) {bl(O;N’D)bg(l;ND) + b2(1; ND) (1 - bl(O;./\/"D)) }

+  Pr(si = s2 =1)2,

It is immediate that lims_,y TD(ND) < lims_,; TD(D). This result, combined with my finding
(summarized in Point 2 of Lemma 10 and Point 2 of Lemma 11) that b;(s;; N'D) < b;(s4; D), and
with the insights present in my previous paragraph, proves the first statement of the proposition.

To prove the second statement, consider the following example: Suppose that p; = p, = 0.7,
that v = %, that ¢ = %7 that § = 0.9, and that p! = p° = 1. AsPr(V; = 1|s; = 1,85 = 0) = % =,
b} (1; D) = b (1; N'D). Suppose that if (s;,s_;) = (1,0), Player ¢ does not drill in the disclosure
case. Then 0 = b7 (0;D) < b (0; N'D). Hence, for ¢ sufficiently close to 3, R(D) < R(ND).
Furthermore, it can be checked that total expected drilling is 73% higher in the auction without
bid disclosure.

I now prove the last statement of the proposition. It follows from Point 2 of Lemma 10 and
from Point 1 of Lemma 11 that—if the discount factor is sufficiently high and if ¢ is sufficiently
close to Pr(V; = 1|s; = s_; = 0)—disclosing bids raises revenues. I am left to show that—in
this parameter range—71'D(D) < TD(ND). Suppose p; = pe. Observe that if § = 1 and if ¢ =
Pr(V; = 1|s; = s_; = 0), p; (0) > c and Pr(V; = 1]s; = 0,7_; < b_;,a_; = wait) = u; (0) > c.
By continuity, there exists a ¢ > Pr(V; = 1]s; = s_; = 0) and a § < 1 such that p; (0) > ¢
and Pr(V; = 1ls; = 0,7—; < b_;,a_; = wait) > ¢ whenever ¢ € [Pr(V; = 1|s; = s_; = 0),]
and & € [6,1]. Tt follows from Equations 20, 21, 22, and 23 that, if § = 1 and if ¢ = Pr(V; =
1ls; = s—; = 0), bi(s;; D) = b} (s;; N'D) Vi and Vs;. In particular, b;(0;N'D) = 1(&(0) —¢) > 0.
Suppose that ¢ = Pr(V; = 1|s; = s_; = 0) and that if (s;,s_;) = (0,0) both players refrain from
drilling in the disclosure case. This is without loss of generality as if ¢ were slightly higher, both
players strictly prefer no to drill. Hence, if ¢ = Pr(V; = 1|s; = s_; = 0) and if § = 1,

TDND) = Pr(sy=s2=0) {bl(O;ND)bg(O;ND)TD<<(O, 0; N'D) + b1 (0; N'D) (1 - bg(O;ND))
+  ba(0;ND) (1 - bl(O;ND)) } + TD(D).
As b;(0; ND) > 0, TD(D) < TD(ND) in this case. Observe that—if ¢ € [Pr(V; = 1]s; =
s_; = 0),¢] and if § € [§,1]—bids are continuous in ¢, in § and in the drilling probabilities.

Furthermore, in the same parameter range, drilling probabilities are also continuous in §. Hence,

TD(D) < TD(N'D) whenever ¢ € [Pr(V; = 1|s; = s_; = 0),¢] and if § € [§,1].m
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Appendix B (Not for Publication)

In this Appendix, I prove Propositions 2 and 3 when at least one type-one player faces a negative
payoff from drilling when the other player does not win his tract. I also prove Inequality 19 and

Equation 25.

Proof of Proposition 2

First, note that ¥b_;(1) € [0,1] and Vb_;(0) < b_;(1), A;(1;A_;(1) = 1,6 = 0) > 0 and
Ai(1;A_5(1) = 1,6 = 1) < 0. Let &;(b_;(0),b_;(1)) € (0,1) denote the critical discount factor
such that A;(1;A_;(1) = 1) = 0. In this proof, I redefine &; = max{d;(b_;(0),b_;(1)) : b_;(1) €
[0,1],b_4(0) < b_;(1)}. Let 6 = max{d;,ds}. It then follows from lemma 5 that Vd € [, 1] there
exists a A* (1) € [0,1], such that A;(1; A_;(1) = A\*,(1)) =0.

Redefine h : [0,1]2 — [0, 1] as the probability with which Player one must drill (in case s; = 1)
such that Ay(1) = 0 given (b1(0),b1(1)). Redefine j : [0,1]?> — [0, 1] with the interpretation that
j(b2(0),b2(1)) represents the probability with which Player two must drill (in case so = 1) such
that A;(1) = 0.

The equilibrium value (b3(1), b5(1),5%(0),b5(0), A7(1), A5(1)) is now computed such that

Bi(1) = gut (1353(0),53(1)), B3(1) = L3 (1:55(0), B (1), B(0) = 5uf (0:53(0),b3(1), A3(1),
B3(0) = 53 (0:55(0), (1), A (1)), AT(1) = BB (0), 55 (1), A3(0) = j(03(0),53(0). (39)
Let S = [0,1]%, and F = (3uj(1), 2us(1), 2ui(0), 2us(0),h,j). Observe that, if § € [6,1],

F :S — S and that F is continuous in (b1(1),b2(1),51(0),b2(0), A1(1), A2(1)). Existence of a

non-coordinating equilibrium thus follows from Brouwer’s fixed point theorem.m

Proof of Proposition 3

In this proof I show that if § > ¢’ the set of simultaneous equations given in 38 possess a unique

fixed point. I first state and prove the following lemma.

Lemma 13 For all i, one has:

d3us(0) 1t O3us(1) 1y d1us(0) 1
b_;(0) 272 db_;(0 ) 2777 ab_i(1) 22|’
d3us(1) 1 dsus( 1

78()7(1) S |:07 2:| 5 and a)\iz 6 |:0, 4:| .

Proof: Recall that Lemma 4 established that b} (0 ) < bf(1). Therefore, I define the following sets:
Ql = {rilri < b:(0)}, Q2 = {r;]b:(0) < r; < b;(1)}, and QF = {r;|b:(1) < r;}. Asr; ~ U0, 1],

81)1"(7“1‘ € Qzl) aPr(ri S Q?) — 1. and 8P1‘(7‘i S Q?)

i) 96:(0) ’ 96:(0)

=0, (39)



and

8P1"(T‘Z' € Qzl) 8Pr(ri S Q?) 8PI‘(’I“¢ S Q?)

Let
2;(0) = mugzsqzuﬁzonﬂmépamzugzav4=u—4
+ Pr(s—s = Llsi = 0)(1 = As(1)Ki(0)8 | Pr(V; = 1lsi = 0,5 = 1) —¢|  (41)
— Pr(s_; =0|s; = 0)K;(0)d [c —Pr(V; =1ls; =0,5_; = 0)}
where
1 if Pr(V;=1ls; =0,7—; < b_y,a_; = wait) > ¢
Ki(0) =
0 otherwise.
Let
yi(0) = Pr(Vo;=s_; =1|s; = 0)A_;(1)6 [Pr(m = 1s; =0,V =1) - c}
+-Pm&j=u&=mu—x4u»&mw{m( _u&_o&__n_4 (42)
-Pm%zmgzm@@%—M(;im_oSrmﬂ
where
1 if p;(0) >
£4(0) = if p; (0) > ¢
0 otherwise.
Let
z;(0) = Pr(s_; =1]s; = 0)L;(0) {Pr(Vi =1ls;=0,5s_;=1) — c]
— Pr(s_; = Ofs; = 0)£;(0) [c —Pr(V; = 1|s; = 0,5_; = 0)} (43)

Recall that, in equilibrium, type-zero players wait. Therefore,
us(0) = Pr(r—; € QL,)z;(0) + Pr(r—; € Q2,)y:(0) + Pr(r_; € Q,)2/(0). (44)

Observe that b_;(0) only influences u; (0) through its effect on Pr(r_; € Q') (I = 1,2). Using
39 and 44, one has

. = zi(0) —3:(0)

—Pr(s_; =0|s; = 0)IC;(0)d [c —Pr(V;=1lsi=s_;= 0)}
+ m@%:m&:mgmwuﬂw ,H&,&%,Q

1, 1], which implies that égs (0) e [-1,1].

which proves Inequality 19. Observe that g;li((%)) €[-

This proves the first claim of the lemma.



I now tackle the case in which s; = 1. Let

wi(1) = Pr(s_;=1Js; = 1) [Pr(w —1fsi=1,5;=1)— c]
+ Pr(s_; =0Js; = 1) {Pr(Vi =1s;=1,5_;=0) — c] , (45)
and
yi(1) = Pr(s_i=1]si =1) [Pr( — ;=15 ;=1)— c]
+ Pr(s_; =0[s; = 1)Li(1) {Pr( —1fs; = 1,5_; = 0) — c} (46)
where

IR B OEY:

0 otherwise,
As type-one players are indifferent between drilling and waiting, one has:

us (1) = Pr(r—; € QL)z;i(1) + Pr(r—; € Q2,)yi(1) + Pr(r—; € QL)L (1)a;(1), (47)

Using 47 and 39, one has:

Ou; (1) _
S~ ww w0
= —Pr(s_; =0Js; = 1) (1 - ﬁi(l)) [c —Pr(V; = 1s; = 1,s_; = 0)} (48)
If £;(1) =0, u; (1) <e. AsPr(V;=1ls; =1,s_; =0) < p; (1), the partial derivative above is

<
negative. Observe also that the partial derivative is greater than —1. Hence, %ggﬂ((t)) € [—%, 0.

This proves the second claim of the lemma.

Using 44 and 40, one has:

Ouy(0)
= Pr(Vo;=s_;=1s; = 0)A_;(1)d [Pr(% —1s; =0,V =1)— c}
4+ Pr(s_; = 1]s; = 0)(1 — A_;(1))K:(0)3 [Pr( = 1s;=0,5_;=1) — c]
— Pr(s_; = 1|s; = 0)£:(0)3 [Pr( = 1s; = 0,5_; = 1) — c] [~1,1]
Hence, ;g; (8)) € [f%, %} This proves the third claim of the lemma.

Using 47 and 40, one has:

Jus (1)
i = (1) — Li(D)ai(1
S~ - L)
= Pr(s_; =1]s; = 1) (1 - £i(1)) {Pr(\/; =1si=s_;=1)—¢| €[0,1].
Hence, %% € [0, 3]. This proves the fourth claim of the lemma.



Using 44, one has

9u; (0)
OA—;(1)

OA-i(1)

dy;(0)
OA—i(1)

=Pr(r_; € Q%)) +Pr(r_; € Q%))

Using 41 and 42, one has

or;(0) L N o
8)\_1(1) = PI‘(sz = S_; = 1|Sz = O)(S |:PI'(‘/Z = 1|Sz — O,V,z — 1) Ci|
— Pr(s—s = 1lsi = 0)Ki(0)d | Pr(Vi = 1]si = 0,5, = 1) — ¢|
9yi(0)
= >
o =

where the inequality follows from Lemma 5. As Pr(r_; € QY,) + Pr(r_; € Q2,) = b_,(1), as

b_i(1) € [0, 3], and as 08/\'2(?1)) € [0,1], I conclude that %if((f)) € [0, 3]. This proves the fifth

claim of the lemma.m
Suppose X’ = (b1(1),b2(1)', b1(0)',b2(0)", A1 (1)’, A2(1)") and x” = (b1(1)", b2(1)", b1(0)", b2(0)”,
A1(1)”; A3(1)") are two different fixed points of the simultaneous equations summarized in 38.

Using the second fundamental theorem of calculus, one has:

220" 9Ly (15ba(1) = bo(1)'
bi(1)” = b1(1)’+/ 31 (1ih2(1) = b2(1)7) da
b2 (0)! 9b2(0) bo (0)=a
ba (1) 9L u<(1:b5(0) = bo(0)"
+ / sut (1;62(0) 2(0)") dr, (49)
ba (1)’ 9b>(1) ba(l)=a
1" 9Lus(1361(1) = b (1) 1" 9Lus (1;b1(0) = by (0)
bo(1)! = bz(l)’+/ 23 ( ’62(2) ) dx+/ 23 ( ’8117( )1 1O dz,
b1(0)! 1(0) by (0)=2 by (1)’ (1) by (1)=a
P20 9L (05ba(1) = ba (1), Aa(1) = Az (1)’
bl(o)// _ b1(0)’+/ 2“‘1( ) 2( ) 2( )’ 2( ) 2( )) da
b2(0)’ 9b2(0) b (0)=z
. / 220" 9Lz (0;b2(0) = b2(0)", Ao (1) = Aa(1)) ]
X
ba (1) (1) bo(1)=x
. / 220" 9102 (0;b3(0) = ba(0)", ba(1) = ba(1)") ;
x7
A2 (1)’ 92(1) A2 (1)=z
010" §Lu<(0; b1 (1) = b1 (1), A1 (1) = A (1)
b2(0)// — b2(0)/+/ 2”2( I 1( ) 1( )7 1( ) 1( )) dx
b1(0)! 9b1(0) b1 (0)=2
. / 0" 9 Lus (0351(0) = b1(0)”, A (1) = M (1)) .
X
b (1) b1 (1) by (1)=
. / MW" 9 Lus 05b1(0) = b1 (0), b1 (1) = ba (1)) N
A1 (1) oA (1) A (D)= 7
by (0)" by (1)
)’ = Al(l)’+/ o) S d:ﬁ/ ot — o) da
b1 (0)’ 961(0) b1(0)=z by (1)’ 9b1(1) b1(1)=z
ba(0) . ba (1) .
Mo(1)! = /\2(1)'+/2 9j(b2(1) = b2(1)") dH/Q 9j(b2(0) = b2(0)") dn (50)
b2 (0) 9b2(0) b2 (0)== ba (1) 9b2(1) ba(1)==



Define «; (i =1, ...,14) such that

/bj::?,)” 3(%255)1) o dr = —kK1 {bg(())” - bg(O)'}
/bb(l()l) agbujl()l) . dr = ko [bg(l)” — by )/}
/:(1::/)” aaégﬁ(g;l) o dr = —k3 {bl(O)” - bl(O)’}
/:(11()1) 88;[1;(1()1) s dr = ky {bl(l)” _ bl(l)/:|
/bzb;(;) 3{%;2%?) o dr = —ks {bg(O)” — b2(0)’}
/bj(i()l/)” 85251(())) (1) s dr = kg [bz(l)” — b2(1)1:|
/:(:) ag;j(i())) L= Pa(1) = 2o (1)
/:(10(;]) 85:1;((5?) o dr = —kg {bl(o)” ~ b1(0)’}
/bb(l()l) aaglf(l(?) = () = (1]
[ ] = o]

/:(1:;) 8b81f(to) o de = kn :bl(O)” — b1(0)/:

/:(11()1/)” 51)81](11) . dr = k1o :b1(1)” — b1(1)’:

di]'] K13 bg 0 — b2 0
b2(0)’ 9b2(0) bo(0)=2 - -

[ 221" = ()]
dxr K14 bg 1 — b2 1
ba(ry O02(1) [y, 1)y : -

Lemma 13 allows me to conclude that:

COROLLARY 4 r; € [0,3] (1 € {1,2,3,4}), km € [—3,3] (m € {5,6,8,9}), K, € [0,%] (n €
{7,10}).

Recall from Corollary 2 that, if § = 1, A;(1) = 0 V(b;(0),6;(1)). Hence, if § = 1, k, = 0
(o € {11,12,13,14}). By continuity, for ¢ close to one, &, is close to zero. It is important to realize

that the above k’s are no constants. In particular, some x’s depend on the value taken by £;(1),



L;(0) or K;(0), which, in its turn, depends on the (endogenous) bids and drilling probabilities.
Lemma 13, however, implies that—independent of the value taken by those indicator functions—
all k’s are small, a crucial property which I will use below. All those x’s allow me to rewrite

Equations 49 to 50 as:

Abi(1) = —k1Aby(0) + KaAby(1) (51)
Aby(1) = —k3Ab(0) + KgAby(1) (52)
Ab1(0) = —r5Aby(0) + KeAby(1) + rr ANy (1) (53)
Aby(0) = —rgAby(0) + KoAby (1) + r10AN (1) (54)
AM(1) = k11 Aby(0) + r12Ab1 (1) (55)
Adao(1) = k13Aby(0) + K1 Abs(1), (56)

where Ar =" — 1" (r € {b1(1),b2(1),51(0), b2(0), A1 (1), A2(1)}). Inserting 56 into 53 and 55 into

54, allows me to rewrite Equations 53 and 54 as:

Aby (0) (/-;7,-@13 - ,@-5) Aby(0) + (56 n mm) Abs(1) (57)

Abs(0) (Iilolﬁl - Hs) Aby1(0) + (Kg + momg) Aby(1) (58)

Inserting 58 and 52 into 51, and rearranging, one has:

_ kokg + k1(K10K11 — Kg)
1+ k1(kg + K10K12) — Kaka

Abi(1) = Aby(0). (59)

Inserting 58 and 52 into 57, and rearranging, one has:

Aby(0) = (K7K13 — K5) (K9 + KioK12) + Ka(ke + K7K14) Aby(1). (60)
1+ k3(ke + krk14) — (K713 — K5)(K10K11 — K8)

Finally, inserting 60 into 59, I conclude that Ab;(1) = —aBAb; (1), where

_ kaks + K1(K10K11 — K8)
a = , and
14+ Kk1(kg + Kioki12) — Kaka
(K7k13 — K5) (K9 + K10k12) + Ka(ke + K7k14)

1+ k3(ke + Krk14) — (KrR13 — Ks5)(K10K11 — Ks)

B

Suppose that the discount factor ¢ is close to one. As argued above, this implies that « is close

to o and 3 close to 3', where

r RokK3 — K1Kg
(% = ), and
1 + KR1K9 — KoKkg
—K5Rg + K4Rke

14+ R3Rke — R5KS8 '

g =

Using Corollary 4, one can check that—for all values of my endogenous variables—a’ € [f%, %]

and that 3 € [—1,1]. Hence, I conclude that—independent of the values of my endogenous



variables—a’ 3’ # —1. By continuity, this implies that there exists a 6’ < 1 such that a8 # —1,
V§ > ¢’. This implies that Ab;(1) must be equal to zero to ba a solution of the simultaneous
equations 51 - 56. Using 60, I conclude that Ab;(0) = 0. Equation 52 then implies that Aby(1) =
0. Equation 51 then implies that Abe(0) = 0. Equations 55 and 56 then imply that AX;(1) =
AMy(1) = 0. This, however, contradicts my assumption that x’ and x” are two different fixed

points of the simultaneous equations given by 38.1

Proof of Equation 25

Let £;(s;) = 1 if pu; (si) > c and zero otherwise. Let £ (1) = 1 if ;7 (1) > ¢ and zero otherwise.
Recall that I;(0) = 1 if Pr(V; = 1|s; = 0,7_; < b_;,a_; = wait) > ¢ and zero otherwise.
Define welfare in auction k as
W(k) = Z ZPT(«% S—_i) {u?(si, s_ik) +u (s, 8- k)} ,
where
ul(s5,5_5; k) = b} (s4; k) [uf(si,s,i;k) — b} (si; k)} ,
and where the interim payoff of a type-one player, conditional on the other player’s signal and

on auction design k, is defined as:

K2

us(s;i=1,s_4;D) = max {O,Pr(VZ— =1lsi=1,5_4) — 6}7

us(s; =1,s_;; N'D)

PI‘(T_i < b_z\s_z)ﬁj(l) [PI‘(VZ = 1|8i =1, S—i) — C:|
+ Pr(r_; > boi]s_i)Li(1) [Pr(m —1si=1,5.;) — c} .

The interim payoff of a type-zero player, conditional on s_; and on auction design k, is defined
as:

u1< (i =0,5_4;D) = Pr(r—; <b_;|s—;) |:Ii(07s,i)5wi(0,s,i)
+ (1—Zi(0,s,i)) maX{O,Pr(Vi =1]s; =0,5_5) —c}]
+  Pr(r—; > b_;|s—;) max {O,Pr(Vi =1ls; =0,5_;) — c}
uf(al =0,s_i;ND) = Pr(r_; <b_ils—;)dPr(V_; =1,a_; =drill|]s; =0,s_;) |:Pr(Vi =1ls; =0,V_; =1) — ci|
+ Pr(r—; <b_;|s—;)d Pr(a—; = wait|s_;)K;(0)d [Pr(Vi =1ls; =0,5_;) — c}
+  Pr(r—i > b_i|s—i)L:i(0) {PT(Vi=1\Sz‘ =07S—11)—C} .

Observe that
Z Pr(s;,s_i)ud(si, 5 i k) = Pr(si)ud (s;; k).

Hence, W (k) = 32, >, Pr(s;)u(s;; k).m



